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Chapter 1 

Introduction 



Relativistic quantum field theories are described by the set of local observables, which 
are linear bounded or unbounded operators associated with regions of Minkowski space. 
These observables have the physical meaning of "measurements" which take place in 
a finite space and in a finite period of time. In the case of bounded operators, the set 
of observables forms von Neumann algebras associated with spacetime regions, which 
in order to gain any physical interpretation, need to fulfil some properties. We list 
here these properties by paying attention especially to the physical motivation behind 
them. 

The first property states that an algebra A{Oi) associated with the region Oi 
includes all the operators of another algebra A{02) if O2 C Oi. This reflects the fact 
that measurements performed in a certain region of the spacetime include also all the 
measurements performed on a smaller region, which is included in the previous one. 
The second property is called Einstein's causality, which says that no signals can travel 
faster than the velocity of light. This means that measurements performed in space- 
like separated regions cannot interfere with each other, and therefore, by Heisenberg's 
uncertainty relations, the corresponding operators must commute. The third property 
concerns with the principle of covariance of the theory. This implies that the algebra 
of observables must transform covariantly under spacetime symmetry transformation 
of the region. Mathematically, it means that there must exist a strongly continuous 
representation of the spacetime symmetry group acting on the algebra. The stability 
of the matter requires a positive energy spectrum in all Lorentz frames, and therefore 
that the joint spectrum of the generators of the spacetime translations is contained 
in the forward light cone. Finally, we require the existence of a unique vector in the 
Hilbert space of the theory which has energy and momentum zero, and represents the 
vacuum state. 

The problem is to construct models of quantum field theories in this setting, by 
exhibiting algebras of local observables fulfilling all these properties. With the excep- 
tion of the free field theory, this is in general a difficult task due to the complicate 
structure that local observables have in the presence of non trivial interaction. There 
are the results of Glimm and Jaffe |GJ87j on the construction of simpler and lower 
dimensional models with interaction. But in the case of 3 + 1 spacetime dimensions 
this is still nowadays an open problem. 

In particular we focus in models in 1 + 1 spacetime dimensions with factorizing 
scattering matrices, and we are interested to study the content of local observables in 
these theories. Note that for models with one particle species and without inner degrees 
of freedom, a factorizing scattering matrix is in fact just given by a function in one 
variable (the rapidity 0). We would look for the existence of these local observables 
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in any mathematical framework: As algebras of bounded operators [Haa96j . or as 
Wiglitman fields |SW64j . or as closed operators affiliated with the algebras of bounded 
operators. 

One approach to this problem is the so called form factor programme [Smi92| 
IBFK06] . Here, one starts from the scattering matrix S as an input, and construct 
the Wightman n-point functions of the theory with the S'-matrix that we started with. 
For this, one expands expectation values of local observables in a series of form fac- 
tors. Here as local observables, we intend pointlike localized quantum fields, and a 
form factor is the expectation value of this field operator between asymptotic scatter- 
ing states. However, as expectation values of local observables, the form factors must 
fulfil a number of properties, and by solving these conditions, they can be computed 
explicitly. There are explicit examples of form factors in various models, such as the 
Sinh-Gordon jFMS93j . the Sine-Gordon models |BFKZ99] . the Ising model [BKW79j . 
and many more. 

Then, one computes the Wightman n-point functions from the form factors by 
introducing in the vacuum expectation values of the local fields a complete basis in 
terms of asymptotic scattering states. As a result, the Wightman n-point functions 
are expressed by an infinite series expansion in terms of form factors. We write down 
here the example of the two-point function: 

{n,A{x)A{o)n) = f2-^ I dd,... I rf0„e-^^-^^-^(^'=)|((7|^(o)|^i,...,^„)i„p, (i.i) 

n=0 ^' 

where . . . , 6'„)in are the incoming particle states depending on the rapidities 9j. 
By computing all the n-point functions using this method, one would be able to con- 
struct the local observable as operator-valued distribution (Wightman reconstruction 
theorem, jSW64j l 

However, this approach hides a subtle difficulty, that is controlling the convergence 
of infinite series expansion of the type (11. ip : In despite of some progress in |BK04j . 
this problem remains still open. 

A different approach was due to Schroer |Sch99] who proposed to construct algebras 
of local observables indirectly in terms of algebras of observables with a weaker notion 
of localization. He started with a Hilbert space representation of the Zamolodchikov- 
Faddeev algebra in terms of creation and annihilation operators z, which satisfy a 
deformed version of the canonical commutation relations, which already involves the 
scattering function. Then he constructed field operators, similarly to the free field 
theory, by taking linear combination of z^z'^. These operators can be consistently be 
interpreted as being localized in unbounded regions, called wedges. In particular, we 
have that fields localized in space-like separated wedges commute. Then one can pass 
to algebras of bounded operators associated with wedges by taking certain bounded 
functions of the fields and considering the von Neumann algebra generated by them. 

By viewing bounded regions in spacetime, for example double cone regions, as the 
intersection of left and right wedges, one can correspondingly obtain the set of local 
observables associated with the double cone as the intersection of the respective sets 
of observables associated with the right and left wedges. One can see this on the level 
of von Neumann algebras, but we will consider it on a more general level, see Sec. 14.11 

The remaining problem in this approach is to show that this intersection is non- 
trivial, namely that it does not contain only multiples of the identity operator. Lechner 
proved this in his Ph.D. thesis for a large class of two dimensional models with fac- 
torizing scattering matrices |Lec06t ILecOS] using a very abstract argument from the 
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Tomita-Takesaki modular theory, the so called modular nuclearity condition. In this 
way, instead of directly constructing the local operators, one can guarantee the non- 
triviality of the double cone algebras by giving an abstract condition on the underlying 
wedge algebras. From a technical level, Lechner proved this condition by analysing 
the analyticity and boundedness properties of the matrix elements of the wedge local 
operators. 

While Lechner proved that the double cone algebras are non-trivial, we do not 
know much about the explicit form of these local observables. This because, while we 
know explicitly the generators of the wedge algebras, the passage to the von Neumann 
algebras adds many observables as weak-limit points, about which much less is known. 
It is these limit points which are contained in the intersection. 

Our task is to give more information on the structure of these local observables. For 
this, we expand the local observables in a series expansion and we analyse the analyt- 
icity and boundedness properties of the single terms in the expansion, corresponding 
to the localization of the observable in a bounded region of spacetime. 

To clarify the idea at the basis of our approach, we first consider the situation of 
the free field theory. Araki proved [Ara63j in the theory of a free scalar real massive 
field, in a slightly different notation, that for every bounded operator on Fock space 
there exists a unique expansion in terms of a string of normal-ordered creation and 
annihilation operators a, of the free field theory, depending on the rapidities 9j, rjj-. 



where the coefficients fm,n (generalized functions) are given as vacuum expectation 
value of a string of nested commutators: 



Note that this expansion holds for any A, independently from its localization proper- 
ties: Whether A is localized in a space-time point, or in a bounded region, or in an 
unbounded region such as in a wedge, or completely delocalized. 

As next step, one looks for analyticity and boundedness properties of the coefficients 
fm,n corresponding to the localization of A in a bounded region of spacetime. To 
obtain this, we can express a, a) in (11.31) in terms of the Fourier transforms of time- 
zero fields and use the fact that the localization of the field in a bounded region of 
spacetime represents a certain support restriction in position space which corresponds, 
by Fourier transformation, to certain analyticity and boundedness properties of the 
coefficients fm,n in momentum space; this ideas is at the basis of the well-known Paley- 
Wiener theorem |RS75| Thm.IX.16]. So, one finds that if A is localized in a bounded 
region, then the expansion coefficients are entire analytic and fulfil Paley- Wiener type 
of bounds. For more technical details of this proof, this can be seen as a special case 
of the construction we will work out in Chapter [5|, in particular see Theorem 15. 4[ 

Schroer and Wiesbrock [SWOOj proposed to generalize the expansion (11.21) to 1 + 1 
dimensional theories of one type of scalar massive particle with factorizing scattering 
matrices, by replacing a, with the annihilation and creation operators 2;, satisfying 
the algebraic relations of the Zamolodchikov-Faddeev algebra depending on a given 
scattering function. 




00 



(1.2) 



UA^, ri) = {n, [a(^„), . . . [a{9^), [. . . [A, a^r]^)] a^{r],)] ...]Q). (1.3) 




dO drj 
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Now, one would look again for analyticity properties of the expansion coefficients fm,n 
and bounds of its analytic continuation, corresponding to the localization of A in 
bounded region of spacetime. 

In the case of observables localized in bounded regions of spacetime, Schroer and 
Wiesbrock |SWOO] expected the following scenario: The coefficients fm,n of an observ- 
able A localized in a double cone are boundary values of meromorphic functions on the 
entire rapidity multi- variables complex plane with specific growth behaviour in certain 
real direction in the complex plane and following a certain pole structure with residue 
given by an infinite system of recursion relation for the expansion coefficients. 

Our programme aims to make these expectations more precise in the class of 1 + 1 
dimensional models with factorizing scattering matrices studied by Lechner [LecOSj . 
where however our class of scattering function do not need to fulfil certain regularity 
conditions imposed by Lechner and our observables are not restricted only to the class 
of bounded operators. This programme is developed in several steps, that we are going 
to explain in the following. 

First, we will prove that for every quadratic form (and therefore for bounded and 
unbounded operators, as well) A there exists a unique expansion fll.4p . We will provide 
an explicit expression (see Eq. fl3.2ip ) for the expansion coefficients fm,n in terms of 
matrix elements of A, involving the scattering function S. It is not obvious how to 
relate this expression to a formula similar to (11. 3p . For this purpose, we will introduce 
the notion of warped convolution used in deformation methods for the construction of 
quantum field theories by several authors |GL07| ILecl2] . jBS08| IBLSllj . Here, Buch- 
holz. Summers and Lechner made use of the warped convolution integral to deform 
wedge-local observables of any theory in order to construct interacting models in arbi- 
trary spacetime dimensions; in 1 + 1 dimensions, this yields models with a factorizing 
scattering matrix. We will use this notion to define a "deformed commutator" that 
depends on the scattering function and fulfils a certain "deformed" version of the stan- 
dard properties of a commutator. Then, by replacing in (II. 3p a, with the "deformed" 
annihilators and creators z, z'^ and the commutator with the deformed commutator, one 
obtains a generalization of (II. Sp to the class of factorizing scattering models described 
by [GLOT] . 

Note that the expansion (ll.4p is similar to the form factor expansion, but it is 
not identical to it. In particular, the basis of our expansion is in the operators z^z\ 
rather than in the asymptotic free creators and annihilators Oin, a\^- Heuristically, in 
the basis of z'^ one may expect that it is easier to control the convergence of the 
infinite series in (II. 4p for local operators, since these z, z'^ are related to the notion of 
wedge locality. In fact, we will discuss this convergence in an example in Chapter IHJ 
This would not be possible in the basis in terms of ain, aj^' since these operators are 
completely unrelated with local objects. Another advantage of our construction is that 
it applies to the model of Lechner, which is fully constructed, while, as far we know, 
there are no completely constructed models in the form factor programme. 

We will discuss the properties of the expansion coefficients that are independent of 
the localization of A. In particular, we will study how the coefficients /m,n behaves 
under spacetime symmetry transformations of A (see Chapter 12]), such as the spacetime 
translations. Of particular interest to us is the behaviour of jm,n under spacetime re- 
fiections, since it encodes the interaction of the model and it will play an important role 
in the analysis of observables localized in bounded regions, as we will see in Chapter |8l 

As next step, we will deal with the problem of convergence of the infinite series 
expansion in (II. 4p . Note that since this expansion is expressed in terms of the un- 
bounded operators z^ z^ , it is more natural that it describes unbounded objects, rather 
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than bounded operators. As a consequence, we have estabhshed this expansion on the 
level of quadratic forms. As a quadratic form, A can be unbounded at high energies 
and high particle numbers, however, for our characterization of the local observables, 
we are considering quadratic forms of a specific "regularity" class, where this singular 
behaviour is in a certain way "controlled" . We are thinking here to some kind of gener- 
alized H bounds of the type introduced by Jaffe |Jaf67] , see Sec. 12.61 Extra conditions 
on the summability of certain cj-norms of fm,n (see Sec. 12.71 for definitions) would im- 
ply an extension of the quadratic form to a closed, possibly unbounded, operator (see 
Sec. 14.31 in particular Prop. 14. 5p . 

For our characterization of the local observables, we will need a notion of locality 
that is therefore adapted to the level of quadratic forms, called u-locality, see Sec. 14.11 
This kind of locality is "weaker" than the usual notion of locality, however, we will 
show that a quadratic form that is cj-local and moreover can be extended to a closed 
operator, is affiliated with the local algebras of bounded operators, see Prop. 14.41 

In the third step of our programme, we want to identify the necessary and sufficient 
conditions on the expansion coefficients in (11.41) that make A local in a bounded 
region. 

In the case of operators localized in wedges, we can refer partially to the results of 
Lechner [LecOSj . However, we recall that our context is less restrictive than Lechner's 
setting, since we do not assume that our observable A is necessarily a bounded operator 
and we do not need certain regularity conditions on the scattering function, used by 
Lechner. On the level of quadratic forms, we find that due to the localization of A in 
a wedge, the coefficients fm}n are boundary values of a common analytic function, i.e. 
fm}n{0,r)) = Fm_|_„(0,r7 + iiz), where are analytic in the area < Im^i < . . . < 
ImCfc < vr. 

In the case of quadratic forms localized in double cones, we will find that the 
localization of A in the shifted right and left wedges (which identify the double cone) 
implies, via a rather geometrical construction, involving graphs and tube domains 
on the rapidity multi-variables complex plane, the meromorphic continuation of the 
functions to the entire rapidity multi-variables complex plane. We will show that 
these functions Fj. fulfil an infinite system of recursion relations, and have a rich pole 
structure due to these recursion relations and the poles of the S-matrix. We compute 
explicitly the expression of the residua at the poles, given by the recursion relations; 
we note that these residua vanish in the case S = 1, corresponding to the free field 
theory, and the functions Fk become entire analytic. In the case S = —1, the same 
situation holds for k even, namely when the operator creates even number of particles 
from the vacuum. Further, we will find that these functions F^. fulfil certain properties 
of symmetry and periodicity, which depend on the scattering function S. We will 
compute certain pointwise bounds of these functions along specific lines on certain 
graphs in the rapidity multi-variables complex plane, and also specific L^-like bounds 
on certain nodes of these graphs. 

For clarity, we will consider conditions on three levels: We will establish conditions 
on the quadratic forms A; conditions on analytic functions fm,n when the imaginary 
part of the argument is restricted to a certain graph Q (formal definition will be given 
in Sec. 16. ip : conditions on meromorphic/analytic functions Fk- Then we will show 
that these conditions are equivalent, yielding a theorem of characterization for u-local 
quadratic forms in bounded spacetime regions (see Chapter [5]). 

As already mentioned, we can show that a set of functions Fk which fulfil the con- 
ditions Def . 15.31 for the characterization of a w-local quadratic form, and the condition 
in Prop. ITS) for the extension of the quadratic form to a closed operator, defines, using 
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the expansion f ll.4p . a closed, possibly unbounded, operator affiliated with the local 
algebras of bounded operators (see Prop. I4.4p . 

As next step in our programme, we will use the sufficient conditions established 
before to construct explicit examples of local operators. We will present two examples 
in the case S = —1. In one example we admit only a finite number of coefficient 
functions Fk for even k; the other example contains an infinite family of coefficient 
functions for odd k. In particular, we will sho\\0 in the second example, where the 
infinite sum can possibly diverge, that our condition for the extension of a cj-local 
quadratic form to a closed operator affiliated with the local algebras is fulffiled. 

Finally, we will propose in Chapter M an approach for finding examples of local 
operators in the case of a general scattering function, without having verified all the 
conditions discussed in Chapters [5] and HI However, our approach is a natural general- 
ization of the construction of examples for S = —1 studied in Chapter [91 Completing 
the general construction would be an important achievement of our programme, since 
the explicit form of local observables in the presence of highly non-trivial interaction 
has been for long time an open problem. 

This thesis is organized as follows: We introduce in Chapter [2] the general mathe- 
matical framework, partially similar to |Lec08j . In Chapter |3] we will prove existence 
and uniqueness of the expansion (11.41) for any quadratic form A; moreover, we analyse 
the properties (independent of locality) of this expansion, and in particular its behav- 
ior under spacetime symmetries. In Chapter H] we identify the conditions on fm,n, so 
that A is a closable operator affiliated with the local algebra. In Chapters El [6l [7] and 
[3 we formulate and prove a theorem of characterization for u-local quadratic forms, 
which gives the necessary and sufficient conditions on the coefficients fm,n that make A 
w-local in a bounded region. Using the conditions of Chapter H] and Chapter [5l we will 
construct explicit examples of local observables in the case S* = — 1 in Chapter O In 
the final appendix, we will discuss in particular a generalization of the formula of the 
string of nested commutators (II. 3p to a certain class of factorizing scattering models 
described by |GL07] . and its relation with the notion of warped convolution integral 
introduced by |BS08j . see Appendix |Al Finally, we will discuss conclusions and out- 
look in Chapter [TOl Chapters [21 [31 and Appendix [Al are material of one of the joint 
papers with H. Bostelmann [BCbj . We will deal with the characterization of locality 
in another paper [BCa] and with the concrete examples and Chapter [H in [BCcj . 



^up to the rigorous verification of a certain numerical estimate, see Conjecture 19.31 which is however very 
plausible 
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Chapter 2 

General definitions 



2.1 Minkowski space 

In the present thesis, the spacetime is given by the 1+1 dimensional Minkowski space 
with vectors x = {xo,xi) and scalar product x ■ y = xqi/o — xiyi. The symmetry 
group of Minkowski space is the Poincare group V which includes the translations in 
time and space x x + c, c G M^, the space reflection x H- {xo,—xi), the time 
reflection x (— Xo,Xi) and the Lorentz boosts: 

f cosh A sinh A \ , „ . 
\ smh A cosh Ay 

We denote with the subgroup of the Poincare group consisting of the translations, 
boosts and the total space-time reflection x — —x. 

We are in particular interested in wedge-shaped regions of spacetime called wedges. 
We have the standard right wedge W with edge at the origin, which is the set 

W := {x em^ : xi> \xo\}] (2.2) 



cf. Fig. 12. H and the standard left wedge W, which is deflned as the causal complement 
of W. We also consider the translates of the standard right and left wedges, Wx '■= 
W + x andWy = W' + y = {Wy)' with x,y e M^. 

We will consider the intersection of the translated right and left wedges Ox,y = 
Wx n Wy, with x,y E M^, y — x E W, which is called the double cone. 

Of particular interest to us is the double cone of radius r and centre the origin 
cf. Fig. [221 which is defined as: Or = W-r n W;, where Wr := W^eW = W + re^^) and 



2.2 Scattering function and its properties 

We are focusing on theories with factorizing scattering matrices, namely theories where 
the scattering amplitudes between the outgoing particle and the incoming particle 
factorize in the product of the S-matrix of the free theory S'^'"'^*^ and a scattering function 
S: 

SnAd-,o') = s''''%0;e') n si\ek-ee\). (2.3) 

i<e<n 

where we set 6 := {6i, . . . , On), and where the variables 0, 6' are related to the momenta 
of the incoming and outgoing particles. 
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Figure 2.1: The standard right and left wedges 




Figure 2.2: The double cone 
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2.3. S-SYMMETRY 



We can find examples of sucli tlieories witliin tlie completely integrable models, see 
for example |ZZ79j . The scattering function S" is a function defined by the following 
properties. 

Definition 2.1. Let S(0,7r) denote the strip M + i(0,7r) in the complex plane. We 
denote with S the class of scattering functions S satisfying the following properties: 

1. Analytic on S(0,7r) and smooth on the boundary, 



2. Symmetry relation 3(6 + tn) = 3(9)-^ = 3{-e) = 3(6), {9 E M), 

3. Bounded on S{0,7i) , 

Remark: in the present work we do not need the regularity condition used in |Lec08t 
Def. 3.3]. 



2.3 S-symmetry 

Following [LecOGl p. 53], we introduce an action Dn of the permutation group (5„ on 
L2(M"), acting as 

{D^ia)f)ie) = 3-ie)fien, ae&n- (2.4) 

where 6"^ = (^^o-(i), • • • , ^cr(n)) and the factors 5°" (a G 6„) are given by: 

S''{d):= n ^(^^<.«-^^0))- (2-5) 

i<j 

o"(«)>o"(i) 

Lemma 2.2. The factors 5°" fulfil a composition law, that can be found in fLec06[ 
p. 54]: 

= 5"(6>)5^(0"). (2.6) 

Proof. First we consider the case where p is the transposition which exchanges the 
indices k and k + 1. Following [LecOGl Formula (4.1.16)] and using the definition fl2.5p . 
we have: 



3'^°p(^0) = 3{9„op{i) — Oaop{j)) 



i<j 

crop{i)>aop(j) 



Y\ S{9„{i) — 9„(^j)) JJ^ 3{9^{^kj^i) — 9fj 



i<j i=k,j=k+l 
CTOp{i)>crop[j) crop{k)>aop(k+l) 
{ij)^ik,k+l) 



a(k+l) - 9a{k))- (2.7) 



i<j i=k,j=k+l 
a{i)>a{j) a{k+l)>a{k) 
ii,j)^ik,k+l) 
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If cr{k + 1) > (T{k), then 

r.h.s.(l22D = II sie^(^,^-d,y))s{e,^k+i)-0aik): 



i<j 

o"(«)>o'{i) 



i<j 



i<j 
a{i)>a{j) 

= S''{e)S''{9^). (2.8) 

Notice that in the equation above the product Y[i<j a{i)>cT{j) S{Ofj{i) — da{j)) includes in 
principle the case = {k,k + l), but this case does not contribute with an S-factor 
because of the condition cr(A; + 1) > a{k); notice also that in the last equality we 
made use of the following: SP{e) = Ui<j, p(i)>p{j) '5(^p(i) - ^p(i)) = S{9p(^k) - ^p(fc+i)) = 

S{0k+i — Ok)- 

If (t(A; + 1) < a{k): 

r.h.s.dSZl) = ( n '5(^^-(i)-^-0)))'^(^-(fc+i)-^-(fe)) 

i<j 
o"(0>o-(j) 

= s'^{e)s{ei^,-ei) 

= 5"(6/)5^(0"). (2.9) 

Notice that in the equation above the product Y[i<j a{i)>a{j) SiOo-{i) — Ou{j)) includes 
the factor S{6cj(k) — 6cj(k+i))', this means that we had to multiply this product with the 
inverse S{0„^k+i) - da{k))- 

Now, we apply induction hypothesis three times as follows. Let r be a transposition, 
cr, p be general permutations, we have: 

= 5"(6/)5^(0")5"((0")'') = 5"(0)5''°"(0"). (2.10) 

□ 

Using this composition law, it follows |Lec08[ page 830] that Dn defines a unitary 
representation of 6„ on /.^(M") and that := ^ J2ae6n^"-^'^) orthogonal 
projection onto the space of S -symmetric functions in L^(M"), namely functions such 
that: 

f{e) = s^{e)f{e'^). (2.11) 

We denote the S-symmetrization of a function with Sym5 / and it is given by: 

Sym^/(0) = i 5^ 5-(^)/(n- (2.12) 

We will use Sym^. etc. also for more general functions and for distributions. If the 
function depends on several variables and we want to symmetrize only with respect to 
some of them, we will write Sym^^. The choice of variables for the symmetrization 
can be of importance, as the formula 

Sym^,,5(")(0-0') = Sym5_.,,,5(")(0-0')- (2-13) 

shows. 
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2.4. SINGLE-PARTICLE SPACE, 



2.4 Single-particle space, iS'-symmetric Fock space, space-time 
symmetries 

We will focus our attention on models with only one sort of scalar particle with mass 
yU > 0. As in the free scalar field, our single particle space is then T-Li = L'^(M.,d9), 
where 6 ( "rapidity" ) is related to the particle momentum by 

PC) - (smts*) • P^"' 

Using the subspace of "S'-symmetrized" wave functions introduced in Sec. 12. 3[ we define 
our Hilbert space "H of the theory as the S'-symmetrized Fock space over "Hi: 

oo 

^:=0^n, (2.15) 

n=0 

where H„ is the n-particle space: Tin := P^Tif^, with T-Lq = Cfl. We denote the 
projection onto Tik with P^, we define Qk '■= Yl^=o^k, and we denote the space of 
finite particle number states with = [Jf, Qk'H, Ti^ C Ti dense. 

We denote with U{x, A) the unitary, strongly continuous representation of the 
boosts, U{0, A), and of the translations, U{x, 0), on T-L; we have U{x, A) = U{x, 0)f/(0, A). 
This representation acts as, G "H, 

n 

(?7(x,A)^)„(0) ■.= exp(iJ2pi0k)-x^^n{e-X), A= (A,...,A). (2.16) 

k=l 

and we denote with U{j) = J the anti-unitary representation of the reflection j{x) : = 
—X on T-L , which acts as, eT-L, 

{U{j)^Ue) := vl/„(^„,...,^i)- (2.17) 

It is important for later to fix the conventions for the Fourier transform: Let g G 5(M"), 
we set 

g(p) ■■=^j d^xg{x)e'P-^ " ^ / d^^9i^y''°''°'^~''''''' ^ (2-18) 
9^{0) ■■=^1 d'xg{x)e^^P^'>^ = ~g{±p{9)). (2.19) 

2.5 JafFe class functions 

We know that in Wightman quantum field theory, quantum fields (and associated ob- 
jects) localized at a point in space-time must be unbounded operators. Their singular 
behaviour can be explained by thinking of the uncertainty relation in quantum me- 
chanics. Indeed, measurements which take place in a finite region of space-time need 
that a big quantity of energy and momentum is transferred. Therefore, expectation 
values of quantum fields between states with good behaviour at high energies should be 
non-singular. For this reason, one usually considers operators which fulfil polynomial 
bounds at high energy, namely Wightman fields 4>{x) such that {1 + H)~'''(j){x){l + H)~^ 
is bounded for some i > |FH81] . We can absorb the above condition on the high- 
energy behaviour of quantum fields into the choice of the class of test functions space 



17 



CHAPTER 2. GENERAL DEFINITIONS 



with which one smears these quantum fields. Usually we take this class to be the 
Schwartz space, just recall the known book |SW64j . But actually according to Jaffe 
|Jaf67] this choice is too restrictive and we can extend the class of smearing functions 
to a more general family. This includes energy bounds which instead of being only of 
polynomial type growth in energy, can be "almost exponential" growth like expu{E), 
where the function u can almost grow linearly in E. To read more about this see also 
|CT74] . The generalized class of distributions associated to this more general space 
of test functions was studied by |Bjo65| , but according to the paper Beurling already 
presented a certain generalized distribution theory before (see the related citations in 
the paper of Bjoerck). 

In this thesis, we are going to adopt Jaffe's point of view with some little variations, 
since with the aim of constructing examples of local operators, we would like to consider 
a more general class of operators as possible. In the following we list the properties 
that we require the function u (the so called indicatrix) to fulfil. 

Definition 2.3. An indicatrix is a smooth function uj : [0, oo) — j- [0, oo) with the 
following properties. 

(ujl) UJ is monotonously increasing; 

(uj2) uj{p + q) < uj{p) + uj{q) for all p,q > (sublinearity); 



Jo 1 + r 



We call oj an analytic indicatrix if, in addition, there exists a function w on the upper 
half plane ]R + i[0,oo), analytic in the interior and continuous at the boundary, such 
that 

(ijj4) Rew{p) = Rew{—p) for all p > 0; 

(uS) There exist a^,b^ > such that ijj{\z\) < Rezu{z) < a^^udzl) + for all z G 
M + i[0,oo). 

We have chosen these properties as general as possible so that one can find a large 
range of examples. One example, which in terms of expco'(£') reads as the usual poly- 
nomial growth energy behaviour, is the following for some /3 > 0: 

uj{p) = ^log(l w{z) = /3[Log(z + z) + 1]. (2.20) 

Lemma 2.4. The example fl2.20p matches the definition \2.3[ 

Proof. In this example u is clearly a continuous function [0, oo) — )■ [0,oo). It fulfils 
the subadditivity property due to |Bjo65 Proposition 1.3.6]. Moreover, there holds: 

The function w is analytic on M + i[0, oo). 



We have Revj{p + iq) = f [log \p + i{q + 1)^ + 2] > f [log(p2 + g2 ^ l) + 2] > 

c 

1). 



2 ^ 

|log(|p + iq\ + 1) since ^°fog(.^j)''^ > 1 for x > 0. This proves the property (a;5)[ part 



The property (a;5)[ part 2) follows from a short computation: Rewip + iq) 



(5\og\p + i{q + 1)1 + /3 < oj{\p + iq\) + /3 since \p + i{q + 1)| < \p + iq\ + 1. 



The property (^4) is also fulfilled because Rew{p) = /3 + /31og|i + p\ = (5 + 



(5 log yiTF- □ 



18 



2.5. JAFFE CLASS FUNCTIONS 



A second class of examples with stronger growth in p is, with < a < 1, 

=p"cos f— ), w{z) = i~''{z + iY. (2.21) 



V 2 

Lemma 2.5. The example fl2.2ip matches the definition \2.3[ 

Proof. In this example u is again a continuous function [0, oo) — )■ [0, oo); it is increasing 
and concave, since a < 1. Subadditivity then follows by |Bjo65 , Proposition 1.2.1]. 
Moreover, there holds for < a < 1: dp < oo. 



The function zu is analytic on M + i[0, oo). To prove the property {uj5) we compute: 



Rezu{p + iq) = Rei~°'{p+ {q + = ReT" exp(a Log(p + (g + l)z)) 
= Reexp[i-(-a;) + a;log \p + (g + +iaarg(p+ (g + 

= \p + iq + 1)^1" cos((— a) — h a arctan ^ ) 

2 p 

ctvr 

> b+ (g+ l)ircos(— ). (2.22) 

where in the last inequality we made use of the fact that a arctan E [ae, a{n — e)] 
and therefore (— a)f + a arctan — G [— af + e, a| — e]. 

This proves the property (w5)|part 1). 

From fl2.22p we have also 

Rew{p + iq)< |p+(g + l)z|° 
= [p' + iq + l)Y' 

< (|p + zg| + l)° (2.23) 

< c\p + iql"" + d ■ r 
= c'u{\p + iq\) + d. 

The fourth inequality follows from the following fact. The function f{a,b) = (|a|" + 
|&|")/(|a| + l&D" has the property to be homogeneous of order 0, that is: f{\a,\b) = 
f{a, b) for all A > 0; hence, for arbitrary (a, b) ^ (0, 0) we can rescale the argument of 
the function /, (a, b) = A(c, d) with A > 0, such that (c, d) E C M?. Then, we notice 
that / is clearly continuous, positive and non-zero on the unit circle S^. Hence, / is 
bounded there and we can find two positive real constants m,M > such that m < 
/(a, b) <M for all (a, b) e S^. This implies m{\a\ + |6|)" < |a|" + < M{\a\ + |6|)" 
(*), where we can choose m = M~^. Notice that the point (a, 6) = (0,0) fulfils the 
inequality (*) trivially. 

This proves the property (wSjpart 2). To prove the property (c<;4) we compute: 

Rero(p) = Re(e*(-")5e°^°s(P+i)) = Re exp(a log v^TTp^ + arctan -- za^). (2.24) 

p z 

Using the relation arctan - = — arctan » + 5, we find 

Rew{p) = expalog a/1 +p2Reexpi(aarctan(— p)) 

= + cos(q; arctan(— p)) = |i + j9|° cos(a; arctan(j9)). (2.25) 

□ 
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Let Lij be an indicatrix and let O be an open set in Minkowski space. We consider 
the following space of functions with compact support in O, 

V^^O) := {/ e V{0) : e ^ e'^{^oshe)j±^Q^ bounded and square integrable}. (2.26) 

We are not interested in equipping V^{0) with a topology, even if one can find in 
|Bjo65 ICT74] methods on how to topologize these kind of spaces. We are rather 



interested to know "how many" elements / the space V^{0) contains. If for example 
u is of the form f l2.20p . or bounded by this, then e'^^^^ is clearly bounded by a power 
of p; due to Paley- Wiener theorem the product e^^^^ f{p) is bounded for any / G 
V{0) := C^{0): this because the Fourier transform of a function / G C^{0) is 
entire analytic and bounded by a polynomial in p at infinity. Hence, in this case 
V^{0) = V{0) := C^{0). See also |Bjo65 i, Proposition 1.3.6]. If instead we consider 
a faster growing w, it is not obvious a priori that V^{0) contains any non-zero element. 



It is condition {uj3) on how fast u needs to grow to be decisive for nontriviality. Indeed, 



it was shown in |Bj o65[ Theorem 1.3.7] that condition {cu3) is equivalent to the fact 
that one can find functions / ("local units") in V^{0) with < / < 1, with / = 1 on 
any given compact set /C C C, and / = outside any given neighbourhood of /C, such 



that a certain norm of / (see |Bjo65 Definition 1.3.1]) is finite. However, this bound 



is related to our bound in f l2.26p as a consequence of |Bjo65 Definition 1.3.25] and 



|Bjo65 Corollary 1.4.3]. The square integrability in fl2.26p is a consequence of |Bjo65 



Definition 1.3.25] for A = 2; indeed if |e^'^('^°'^'^^)/='=(6')| is bounded by a constant, then 



ga;{coshe)j±(^5)) is bouudcd by g-'^^™'^^''), which can be integrated due to |(u;3)[ Notice 
that it suffices to show this for (^'(p) > p", < a < 1, or for Lo{p) > log p. Indeed, in 
the case where u is not greater than we can define uj'{p) := uj{p) > p"; if we 
can find local units in ((9), then we can also find such local units in V^{0) as well, 
since T>'^ {O) C V^{0) (as the condition in {O) is stricter). All this is equivalent 
to say that the space V^^O) is non-trivial. 

We can approximate any functions inV{0) with functions in V^{0) by considering 
the convolutions of the smooth functions with compact support in O with these local 
units. Since the convolution in Fourier space is just a multiplication, their product still 
decays rapidly in momentum space and is again in V^{0). By performing the limit of 
the convoluted function in the V{0) topology as the local units in V^{0) approaches 
the delta distribution, we obtain that the convoluted function converges to the function 



in ViO) (see |Bjo65 Theorem 1.3.16] for more details on this argument). Hence, one 



finds that V^{0) is actually dense in V{0), in the V{0) topology. 



The importance of the condition (a;3) becomes evident also if one considers the 



example of a function / whose Fourier transform fulfils the bound: \f{p)\ < e~'^', 
namely w(p) = \p\. In this case, we have that the integral / /(p)e*^^'^"'"*^^c?p = f{x + iy) 
converges if \y\ < 1 since the integrand is bounded by |/(p)e*P*^^"'"*^)| < e~'p'e~^^ (and 
therefore by e~^^^~^y^ for p > and by e^^*^^"^-* for p < 0). Hence the function f{x + iy) 
is defined on the strip ||/| < 1 and consequently cannot have compact support. Thus, 
T>^{0) is trivial (see also |Bjo65| before Theorem 1.3.7). 

For functions in V^{0), one can derive Paley- Wiener type estimates on their Fourier 
transform |Bjo65 Sec 1.4]. We use the following variant in our context. 



Most of the material in the rest of this section is due to H. Bostelmann. 

Proposition 2.6. Let u be an analytic indicatrix, r G M, and f G V^CWr). Then f~ 
extends to an analytic function on the strip S(0, vr), continuous on its closure, and one 
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has f {0 + iir) = f^{9). For fixed i G Nq, there exists c > such that 



+ iX) < c(cosh^)V^'^'=°'^^''"^e-'^(=°'^'')/'^" for allOeR, AG [0,7r]. (2.27) 



Proof. Since / has compact support, its Fourier transform / and are actually entire, 
and the relation /~((^±i7r) = /^(C) follows by direct computation from definition fl2.19p 
and the fact that p{9 + in) = —p{9). We first prove the bound (12.271) in the case i = 0, 
r = 0. We consider the function g on S(0,7r) (note that sinh maps the strip into the 
upper half plane and zu is defined there), defined by 

^?(C):=r(C)e^(^'°"'^)/"". (2.28) 

For ( = 6 + iX in the closed strip, one has 

Reci7(sinhC)/a^ < a;(|sinhC|) + b^^/ai^ < a; (cosh 6*) + b^^/a^, (2.29) 



where in the first inequality we used {uj5) (right inequality) and in the second inequality 
we used (cul) and the fact that | sinh(^ + iX)\ < cosh^. Since / G V^{yV), we have by 
definition supggj^ | exp((X'(cosh6'))/^(^^)| < oo, hence it follows that 

sup 1^(0)1 < e^"/"" sup |e"(^°^'^^)/"(^)l < oo. (2.30) 



This means that g is bounded on M, and by a similar computation involving /"*", we 
have that it is bounded also on the line M + ivr (since f^{9 + in) = f^{9)). 

In the interior of the strip, we know that /~(C) is bounded since supp / C W: see 
|Lec06t Proposition 4.2.6]; therefore. 



\9[ 



+ iA)| < e^(™^^^) sup |/-(C')I, (2-31) 



C'es(0,7r) 



where we have used fl2.29p . 

Hence, we have shown that g is uniformly bounded in A in the interior of the strip 
and grows for large 9 like e'^^^°^^^\ However, g is bounded in real direction at the 
boundary of the strip. By application of the maximum modulus principle we would 
like to show that g is actually bounded on the entire strip by the maximum which is 
attained at the boundary. For this, g must grow not too "fast" for 6* — )• oo in the 
interior of the strip. According to |HR46t Theorem 3] it suffices if g behaves like e'^*-^-' 



with {uj{p)/p) — )■ for p — > oo. Since Lj{p) = o{p) due to (loS) and the function log l^^l 
is subharmonic and bounded by loglf^l < u;(cosh^) ^ e^, we can apply a Phragmen- 
Lindelof argument jHR46l Theorem 3] to log \g\ and show that this function is actually 
bounded on the strip, and takes its maximum at the boundary. Therefore, the function 
g is bounded on the strip for 9 ^ oo uniformly in A. 
In other words, from fl2.28p we have, 

1/^(01 < c|e-^(^'"^^)/"-| for all C G S(0,7r) (2.32) 

with some c > 0. We estimate 

RetJ7(sinhC) > uj{\ sinhCI) > a;(cosh^ - 1) > oo{cosh9) - u{l), (2.33) 

where in the first inequality we used (w5); in the second inequality we used I (a; 1) 
together with the relations | sinh(^| > | sinh 6*1 and sinh 6' = cosh^ — with < 1 



21 



CHAPTER 2. GENERAL DEFINITIONS 



for ^ > 0; in the third inequahty we made use of {uj2) uj{cosh.6) = uj{cosh6 — 1 + 1) < 
a;(cosh6' - 1) + w(l). 

Inserted into fl232D . this gives (Km for r = 0, £ = 0. 

For the case r 7^ 0, £ = 0, we note that /~(C) = exp(— i/ir sinh with 
h G V^iyV) and by applying the result before to h~{Q, we find (12.271) for r 7^ 0, 
i = 0. By analogous arguments, the same estimate fl2.27p holds for f~^{C), C ^ S(0, n), 
if / G V^iWLr) (see [LecOGl Proposition 4.2.6]). 

For r = 0, £ > 0, we proceed as follows. Since / has compact support and W is 
open, we can choose s > such that / G V'^CW) fl P'^(>V^). 

Because of the relation /^(C ± ^tt) = f'^iC), we have that in the strip S(— tt, 0) 
or S(7r, 27r) corresponds to in the strip S(0, vr) (which is bounded if / is localized in 
Wg due to [LecOGl Proposition 4.2.6]). Hence, using the above result for /~ and /"*", 
we have the estimate 



cosh 9| sin A| 



if A G (0,7r), 

if A G (-vr,0) U (7r,27r). 



(2.34) 



We use Cauchy's formula to estimate the derivatives of / : For any t > 0, we have 



(0 



27r 



IC-C'l=t 



' sup ir(c')|. 

IC-C'l=t 



(2.35) 



where we took into account that the length of the integral path is 27rt. 

Here C ^ S(0,7r), but parts of the circle |C — C'l = ^ might be outside this strip. 
With t < 7r/2, this circle is within the strips S(-7r,0) U S(0,7r) or S(0,7r) U S(7r,27r), 
so we can use the estimates fl2.34p and we obtain for large 6*, taking into account that 
I sin A I < lAI < t, 



dC' 



i9 + i\) 



< i\ Ct~^e^^^ cosh{e+t) ^-u){cosh{e-t))/ai^ 



(2.36) 



(Notice that assuming "large 6" ensures for example that cosh(^ — t) < cosh^ and 
cosh(6' + t) > cosh^ and therefore that the two estimates on the exponentials above 
hold.) 

We choose t = 1/ cosh 6*. Using cosh(6' — t) > cosh 6* — c', cosh(6' + t) < cosh 6' + c' 
with some c' > (notice that the first inequality can be proved by showing that the 

function y(x) = cosh ( x r— ) — coshx is bounded below by some negative constant; 



with analogous argument we prove also the second inequahty), and using {u2) 
obtain a constant c" > such that 



we 



d'f- 



dC 



+ < c"(cosh^)'e 



i —uj{cosh 9) / 



(2.37) 



For large —6', the computation is analogous. This gives fl2.27p . 

Finally, for the case £ > 0, r 7^ we compute the derivatives of 
/~(C) = exp(— z/irsinhC)/i~((^). The result before applies to the factor ^^(C)j noting 
that (i^exp(z/ir sinhC)/(iC'^, < A; < is bounded by Cfc(cosh^)'^exp(/ircosh^sin A) 
with constants Ck > 0, we obtain f l2.27p . □ 
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2.6 Quadratic forms 

We introduce a dense subspaces of our Hilbert space "H, which is related to a fixed 
indicatrix u. We call it 'H'^ and it is defined as W := {i) eV.: ||e'^(^/^Vll < oo}. We 
denote, for fixed fc, V!^ = W nUk, and = W nV} . We consider for test functions 
g G 'D(R™') the following norm, 

||^?||-:=||0^e-(^W)<?(0)||2, (2.38) 

where E is the dimensionless energy function, 

m m 

E{0) = 5^Po(^^,)//i = 5^ cosh (2.39) 
i=i i=i 

Now we denote by the space of quadratic forms (or more precisely, sesquilinear 
forms) A on 'H'^'^ x 'H'^'^, namely, 

A : T^-'f X 7^-'f ^ C, (V^, x) ^ (V^, Ax), (2.40) 

such that the following norms are finite for any /c G Nq: 

ll^llfc := ^IIQfc^e-'^^Qfcll + ^IIQfce-'^^AQfcll. (2.41) 

As we can see from fl2.4ip . quadratic forms A G can be unbounded because of their 
behaviour at high energies (notice the energy damping factor exp{—u{H/fi))) and at 
high particle numbers (notice the projector on Tik, Qk)- 

We note that space-time translations and refiections act on by adjoint action of 
f/( ■ ), and leave this space invariant since they commute with H and Qk'- 

\\U{x)AU{xrrk = ^||Qfcf/(a;)Af/(a:)*e--™Q,|| +i||Q,e--W^)f/(x)A?7(x)*gfc|| 

= ^||f/(x)gfcAe"-^^/^')g,t/(x)*|| + ^||f/(x)gfce--(^/^Mgfcf/(x)*|| 

= mt (2.42) 

and similarly for U{j). 

The adjoint action of Lorentz boosts ?7(0, A) maps into : 

\\u{\)Au{\y\\i = ^iigfef/(j)Af/(jre--'™g.ii + ^lig.e-'™f/(j)Af/(jrQ.ll 

= l\\Uij)QkAe-'^'''/^^QkUijr\\ + \\\Uij)Qke-'^'''/^^AQkUUr\\ 

= l\\QkAe--'^'''^'^Qk\\+l\\Qke~'''^'''/''^AQk\\. (2.43) 

where H' := U{0, X)HU{0, X)* . By recalling that the boost and the Hamiltonian act 
on functions / G ^^(^2) as: {U{X)f){e) = f{e + A) and {Hf){9) = ficosh9f{9) = 
Po{0)f{9), we have: 

iUiX)iHf))i9) = iHf)i9 + X) = ficosh{9 + X)fi9 + X) 

= (/i cosh 9 cosh X + fi sinh 9 sinh A) / (^^ + A) 

= (E(^)coshA+pisinhA)/(^ + A). (2.44) 
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Now, we want to compare exp{~uj{H/ fi)) with exp{—ijj'{H'/fi)). Let c > be such 
that H' > cH. Since [H', cH] = 0, we can proceed from H' > cH to exp{—ijj'{H'/fi)) < 
exp{—u'{cH)). Defining a;' (p) = u{p/c),we have that exp{—uj'{cH)) = exp{—uj{H/fi)). 
Hence, we find that exp{-u' {H' / fi)) < exp{-u{H/ fi)). By fl2^ . 
we have \\U{\)AU{\)*\\X' < with uj'{p) = oj{p/c). This imphes that the adjoint 

action of the Lorentz boosts maps into with uj'{p) = uj{cp). So, we could in 
principle modify the definition of by requiring that the norm ll^ll^'"'' ^ < oo for 
some P (depending on A), so that Q'^ is fully Poincare invariant; but we remain here 
with the definition (12.411) . which is simpler. 

2.7 Generalized annihilation and creation operators 

Similar to the Fock representation of the CCR algebra, Lechner |Lec06j introduced a 
representation of the Zamolodchikov algebra using modified creation and annihilation 
operators z, on "H. These operators are defined on 'H} by 

(zt(/)$)„ := v^P„^(/®$n-i), (2.45) 
zU) := z\fr. (2.46) 

where ^ eU^, f eHi. It was shown in |Lec06j that these satisfy the relations of the 
Zamolodchikov algebra: 

z\e)z\r]) = S{e -r])z\r])z\e), 
z{e)z{'n) = Si9-r])z{r])zi9), 

z{e)z\7]) = S{r]~e)z\r])z{e) + 6{e-7])-ln. (2.47) 

The z'^lO), z{ri) are distributions, or can also be seen as quadratic forms on the domain 
(n^nV(R^)) X (H^nr'(M^)); when smeared with test functions / G S(R), z^{f), z{f) 
are unbounded operators on 'H} , but their unboundedness is related to the particle 
number, as we can see from the following computation of their norms (setting u; = 0, 
the following Lemma holds still true): 

Lemma 2.7. In generalization of lLec08[ Eq. (3.14)], we have for £ G No and f G 

(2.48) 

if the right-hand side is finite. 

Proof. Formula f l2.48p (left equation) is equivalent to say that for every if) G Qg'H'^, we 
have 

||e"™zt(/)^|| < ||/||^y£TT||e"™^ll- (2.49) 

Due to Pythagoras it suffices to prove this for ip G "H^. 
We have 

(e-W,h\f)^){e) = VlTlSjms^e (e^^^'^'^'^ f{9^)m, ■ ■ ■ ,0^+,)). (2.50) 
By application of Cauchy-Schwarz, we have 

||g^/f/M)^t(J)^||2 < (£+1) J e2-(i?W)|/(^^)|2|^(^)|2 ^^^^0 

<(^+l)(ll/ll2)'l|e"(^(^)V(^)||^ 

= (^ + l)(ll/ll2)'l|e"™^ir. (2.51) 



24 



2.7. GENERALIZED ANNIHILATION AND CREATION OPERATORS 



where in the second inequahty we made use of the subhnearity of u {ijj2) 

^2uj(E{Bi)+E(e)) < g2a;{£;(9i))g2a;{£;(6»))_ 

Analogously, for z we have 



= VI d9, Sym,^ (e-(^W)/(^i)V^(^i,---,^^))- (2-52) 



Using Cauchy-Schwarz and the monotonicity of u (ujl) we have 



Applying again Cauchy-Schwarz in the variable 6i, we find 

= ^(l|/||2)'||e'^(^/^Vir. 



(2.53) 

(2.54) 
□ 



We want to define an extension of z, z'^ to normal-ordered products of these anni- 
hilators and creators, which are multilinear operators in a suitable class of "smearing 
functions" . Formally this is given by 



z^'^z'\f)= / (re(rr^f{e,r^)z\e^)...z\em)z{r,^)...z{r^^) 



(2.55) 



::^tm(0)zn(r7) 



This is given by the definitions of z^ z^ above if / is "factorizable" , namely if it is of 
the form f{0,r]) = fi{9i)...fm+n{Vn), or is a linear combination of such functions. 
Lechner in jLecOGt Lemma 4.1.2] extended the definition to arbitrary / G L^(M'^"'""). 
Actually, the class of "smearing functions" that we will need is even more general 
than this (see Prop. 12. lip . To define such class we first introduce for a distribution 
/ G D(M'""'""')', the (possibly infinite) norms 



(2.56) 



supjiy fie,ri)giO)hirj)d^err]\: 

geViR^),heViW^), \\g\\2<l, \\hh<l}, 
l||e--(^W)/(0,r7)|Ux„ + i||/(0,r7)e--(^(^))|Uxn. 



(2.57) 



We also consider 



:=sup{| J d^ef{e)g,{e{)---g,{e,) 



: gi,...,gkeV{ 



|2<1}. (2.58) 



We note that these norms fulfil some properties. First, we have the following Lemma. 
Lemma 2.8. If /l G C°°(M™), fn G C°°(M"), /i, . . . , G C°°(M) are bounded, then 

||/40)/(0,ry)/«(r7)||-,„ < ||/L||oo||/||:;xJI/ii||oo, (2.59) 

< ll/llxnil/.-IU- (2-60) 

j 



\\fiO)llf: 
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Proof. This can be proved by absorbing /l, /j?, /j into the test functions g,h,gj, re- 
spectively. Let us prove f l2.59p first. Applying definition fl2.57p . we find 

\\fLffR\\:..n = l\\e--^''^'^^fLi9)mri)fnm^^ 

(2.61) 

We consider the first norm on the right hand side of the above equation. By f l2.56|) . 
we have: 

\\e--(^('^^h{e)fie,ri)fR{n)\Un 

\Je--(^('^))h{6)f{6,'n)Mri)g{e)h{rj)d"^dd-v\ 

= sup J , II -■ (2.62) 

Nl2<i lli/lhll^-lh 

\\hh<l 

We call g'{0) := fL{6)g{6) and h'{ri) = fji(r])h{r}). By multiplying the above equation 
with ||5''||2/||5''||2 and taking \\g'\\2 < ||/L||oo||fi'||2 into account, we find: 

\\e--^^mhiO)fiO,ri)fR{r})\Un 

\J f{6,'n)g'{6)h'{r])d"'ed''r]\ 



< ||/l||oo||//?||oo ■ sup 

1I<?||2<1 \\9 l|2||ft ||2 

II^I|2<1 

= II/lIIooII/kIIoo ■ ||e-(^W)/(0,r7)|Uxn. (2.63) 

We can apply the same argument to the second norm on the right hand side of f l2.6ip : 
hence, we find (12. 59 p . 

By a similar method one can prove (I2.60p . □ 

Another property is that if ^ e P(M™), g' G V{W^'), and if ^ ■ ^' G r'(M™+'"') 
is the product of g,g' in independent variables, then ■ 5''||2 = ||5'||2||5''||2 5 and also 
\\g ■ g'\\2 ^ Il5'll2 l^'lh due to monotonicity of u: 

Wg.g'r, = \\ie,e')^e-^^^'''">^gie)g'ie')h 
> \\{e,e')^e-^'^^'^^g{e)g'{e')h 
= Wgimg'h- (2.64) 



This gives the following Lemma: 
Lemma 2.9. 

\\f ' f'\\'{m+m')x{n+n') ^ II /llmxn II /' lU'xn'. (2.65) 

Proof. Applying definition (I2.57p . we have 

11/ ■ f'\\tm+m')x{n+n') = 2 II 6^'^^^^^''' ''H/ ' /') (^5 ^'5 ^5 V) II (mW) x (n+n') 

+ ^||(/■/O(0,0^r7,r7Oe--(^(^■^'))||(™w)x(n+n')■ (2.66) 

We consider the first norm on the right hand side of the above equation. By (I2.56p . 
we have: 

. /')(0,0',^,ry')||(™w)x(n+n') 

I r g-a;{i?(0,0'))/((9^ 'n)f'{e', r]')g{6, 6')h{r], r)')d'^ed'^' 6' d^rjd''' r]' \ , 
= sup -. (2.67) 

||3ll2<i llfi'lhll'^'lb 

||h||2<l 
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Referring to |KR97t Prop. 2.6.12], we can consider the special case g{0,6') = g'{6) ■ 
g"{0') (the same for h); Indeed, |KR97t Prop. 2.6.12] tells us that the supremum over 
the special functions which are factorizable equals the supremum over more general 
functions in LF'. Hence, using fl2.64p . we find 

r.h.s. dMTjl 

1/ e-'^(-^(^))/(6», 'n)f{e\ r]')g\e)g'\e')h\r))h'\r]')d'^e(r'^'e'dJ'r]d'^'r)' \ 



sup 



||9'-3"||2<1 ||^'||2||^"||2||/i'||2||/i"||2 
\\h'-h"\\2<l 

|/e--(^W)/(0,T7)^'(0)/i'(T7)rf"6»d"T7| 
sup '-x 



X sup 



1/ f (6/', ri')g"{e')h"{r}')d"' 0'd'' 'n' 



g"\\2^0 \\9"h\\h"\\2 
— Il/llmxrill/ llm'xji'- 

(2.68) 

We can apply the same argument to the second norm on the right hand side of fl2.66p : 
hence, we find fl2.65p . □ 

Finally, we have the following Lemma: 

Lemma 2.10. 

m+n ^ 

\\m n e-('=-^^^)|U < < -(||e--(^W)/(0,r/)|h + \\e-^''^^^^ f{0,rj)h) , 

i=i 

(2.69) 

Proof. As for the left inequality in 02.69 p . using the monotonicity and the sublinearity 
of u: 

m+n m+n 

■|-|- g-a;(coshe,) ^ ^-u>{E{9)) ^ g-u;(Er=i cosh 9,) ^ J-l- g-a;(coshej) ^ g-^(E7=L"+i cosh 9, ) ^ 

(2.70) 

we find: 

m+n ^ 

||/(6>) II e-(-«he,)||^ < i||/(6>)e-(Er=icosh^^,)||^ ^ i||/(6>)e--er=t"+icoshe,)||^^ 

(2.71) 

Since the factorizable functions are a special case of the larger set of functions, and 
the supremum over a larger set of functions is larger than the supremum over a smaller 
set of functions, we have from definition fl2.56p : 

r.h.s. < ^||/(^)e-"(^-^^°^"''^)|Uxn + ^||/(^)e-"(^™^°^^''^)|Uxn. (2.72) 

The right hand side of the equation above is f l2.57p . This implies the left inequality in 

The right inequality in fl2.69p is a consequence of the application of the Cauchy- 
Schwarz inequahty to definition f l2.56p in the case a; = 0, and to definition fl2.57p in 
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the case w 7^ 0: 



2 1 J u C7U 7/ |e — "J yf7,-ii)\ j ||y||2||'i||2 



mxn — 2 



Il9ll2<l 
\M2<1 



\ 1/2 

1 |^/rf-^f/"r/|e-(^(^))/(0,r7)pj WgUhh 



H — sup 

|2< 
Il2<l 



2 ||g||2<l Iiy||2||'i||2 



= ^l|e--(^('')V(^,r7)||2 + ^||e-(^(^))/(0,r7)|h. (2.73) 

□ 

However, equality in fl2.69p does in general not hold: As a counterexample in the 
case u = 0, consider f{9i, 9^, ^3) = S{9^ - 02)/(l + Oj) + 6i9^ - 93)/{l + 9l)- then ||/|| ^ 
and II /II finite but ||/||2xi ||/||2 are infinite, as we can see from the following 

direct computation using the definitions fl2.58p . fl2.57l) : 

By (12.581) . we compute 

= sup {| y d'ef{e)g^{9^)g^{9M0z)\ ■ 9, e P(M), \\g,h < l}- (2-74) 

The absolute value of / integrated with the functions gj can be estimated using the 
Cauchy-Schwarz inequality: 

d'Of{e)g,i9,)g2{9,)gM 

< rilk.l|2(||^^3 ^ 1/(1 + ^3^)||2 + ||^^2 ^ 1/(1 + ^2^)112) < 00. (2.75) 

By definition fl2.57p with = 0, we have: 



1x2 



sup I ly f{e)g{9^)h{92, 9;)d'6 \ : g e V{R'), h e I?(l 



< 1, Whh < 1 . 



(2.76) 

The absolute value of / integrated with the functions g, h can be estimated using the 
Cauchy-Schwarz inequality: 



fie)gi9^)hi92,9s)d'0\< ||y||2||/.||2(^||^3 ^ 1/(1 + 03^)||2+ ||^^2 ^ l/(l + ^2')ll2j < 00. 

(2.77) 

Clearly ||/||2 is not finite due to the delta distributions. As for ||/||2xi with = 0, we 
compute: 

II/II2XI = sup fie)gi9,,92)hi9,)d'e \:ge ViR'), h e V{R'), \\g\\, < 1, \\hh < 1 ^ 

(2.78) 

The absolute value of / integrated with the functions g, h can be estimated using the 
Cauchy-Schwarz inequality: 



f{e)g{9,,92)h{9s)d'd\ 
< I [ d9,g{0i, Oi) I ■ \\hh\\e, ^ 1/(1 + ^^3^)112 + l|/^l|2|kl|2||^2 ^ 1/(1 + ^2')ll2. (2.79) 
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which is infinite because sup ||/ g{6i,9i)d9i \ g E V(M}), \\g\\2 < l| is not finite. 

We now define the multihnear annihilation and creation operators z'^"^z^{f) as fol- 
lows. For an arbitrary distribution / G ©(R™^")' and with vectors ip ^ 'Hk H V{M.^), 
X e UinViW), we set: 

{x,z^"^z-{m = ^^^^^^^^^ J d'--xd"^err^x{e,x)f{o,ri)ij{vn...viA) 

(2.80) 

a i = k—n+m, and = otherwise. Because of the relation {z{ri)'^k){G) = y/k-'^kiVj 
this extends the previous definition of the annihilators and creators. Now the question 
is whether the quadratic form fl2.80p can be extended to H'^'^ x , or even to an 
(unbounded) operator on l-L^'^ . A sufficient condition for that is ||/||mxn < ^5 the 
following proposition shows. 

Proposition 2.11. // / G r'(M"+")' with ||/||^xn < ^hen z^'^z'^{f) extends to an 
operator on 'H'^'^ , and 



z'^^z^uy 



Qk\\ < 2 



k\(k — n + m)\ 
{k-ny. 



Moreover, 



k^"^"(/)||fe <2- 



k\ 



(2.81) 



(2.82) 



{k - max(m, n))\ 

Proof. For e Uk n ViR^) and x ^ 'Hi n V{W), with / = A; - m + n, one has by the 
definition in ([2301), 



\{x\z^"^z^{fm\ 



< 



^y k\{k — n + m)\ 

{k-n)\ 
■\Jk\{k — n + m)\ 

{k-n)\ 



\/k\(k — n + m)\ 

< ^- — ii-rii;;,xnlixil2 



< 2 



{k-n)\ 
^y k\{k — n + m)\ 



dddTid\x{o,xmvn...vuX)f{o,'n 

dX I dddri W^HVn . . . X)f{d, rt) 

(^Jdxjdri |^(r7,A)|V-(^(^))) 



1/2 



(2.83) 



{k-n)l 

where in the third inequality we made use of the estimate 

xnllx(-,A)|b||e-(^(-)V(-,A)|h. (2.84) 



dedrixie,x)iijivn...vuX)fio,ii) 



< 2 



and of the Cauchy-Schwarz inequality, and in the fourth inequality we made use of the 
relation e^^^-^^^^ < e^'^^-^^'''^)). 

Remark: The estimate fl2.84p follows from (12.571) : 

-(^(''))/(0,r7)|Uxn 

1/ f{e, r7)e-(^(^))3^(^V'(^n, ...,Vi, X)d^ed^i^ I 



2||/ILx„>lle- 



sup 

Ilx(-,A)I|2<1 



i|x(-,A)|h||^(-,A)|h 



sup 

Ilx(-,A)I|2<1 
e-(^(-))i/''(-,A)||2<l 



I / f{e, 'n)x{e, \W{r^n, x)d^ed^r^ 

||x(-,A)|h||e-(^(-V(-,A)|h 



(2.85) 
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by shifting the denominator in the last hne of fl2.85p to the left hand side of the equation 
(here we called ip'{r]n-, ■ ■ ■ ,Vi^ ^) •= e~^^^^'^^^^{r]n, ■ ■ ■ iVii ^))- 

Since if) and x were chosen from dense sets in the corresponding spaces, and since 
the matrix elements fl2.83p vanish if £ 7^ /c — n + m, we can extend z'^"^z"'{f) to a 
bounded operator on "H^ with norm 



(2.86) 



{k-n)\ 

This works for any k. For k 7^ k\ the images of z^^z^{f)Pk and z"^"^ z"" (f) Pk' are 

orthogonal; hence f l2.8ip follows from ( I2.86P using Pythagoras' theorem. Explicitly: 
Forvl/:= ^L^., 



d"'errjf{e,r])z^"'{e)z''{r])e-'^^^/^^-^ 



k 

E 



ci^d?7/(^,r7)2t'"(e)z"(r7)e-"™^j 



Using (EES]), we find: 



l.h.s.dlSZD < 



j!(j -n + m)!^2ii/ii^ ^2 



mxnJ M J 112 



^.1 



Hence, we have: 



(2.87) 



f2.88) 



,„.^^^ k\(k — n + m)\, 

l.h.S.([23ZD < T^TT7^(2 



((A;-n)!)2 

fc!(/c — n + m)! 
{{k-n)\y 

by application of Pythagoras. This implies: 



mxn/ / J 1 1 



2 

ill2 



(2 



w \2| 
mxn) I 



d'''9d''r]f{9,r])z^"'{9)z'\r])e~'''^"/'''>Qk 



This concludes the proof of Eq. fl2.8ip . 

To prove f l2.82p . we compute for n > m, using f l2.8ip . 



{k-n)\ 



k\ 



[k — max(m, n))\ 



Similarly, using fl2.8ip . for m > n we have 



< 2 



< 2 



fc—m+n II 

{k — m + n)\^y {k — m + n — n + m) 



(k — m + n — n)\ 



k\ 



{k — m)\ 



k\ 



{k — max(m, n))\ 
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(2.89) 



k\{k — n + m)\ ,,,„,,,, ,9 
< ((A:-n)!)2 ^^'^^^ 



(2.91) 



(2.92) 
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Moreover, we note that, in the sense of quadratic forms, = z^'^z"^{f*), 

where f*{0,r]) = /(??„, ■ ■ . ,77 1, 6*^, 6'i), and where one finds ||/*||„xm = ||/IUxn- 
Another apphcation of fl2.9ip then gives 

||Q,e-'^W^)zt™^"(/)Q,|| = WQkZ^'^z^ine-^W.^QkW < 2^^— ^ll/ILxn, (2-93) 

and thus fl2.82p is proven. □ 
Remark: The equahty ||/*||nxm = ||/||mxn follows from a short computation: 

II „ II _ \jne,ri)g{ri)h{e)d"^r]d-9\ 

11/ llnxm — sup 11 11 .. .. 

Il<?ll2<i llS'lhll'^lh 

II^I|2<1 



ffivm, ...,vi,On,..., eM'n)Ke)d^r,d^e 



sup 

1|9||2<1 ll^l|2||ft||2 

\\h\\2<l 



J f{0, ri)g{9„„ . . . , 0i)/i(r/„, . . . , ri^)d"^ed-r] 



sup 

||3||2<1 ll^l|2||ft||2 

\M2<1 



\f f{0,ri)g'{0)h'{'n)d''r]d'^e 

II /II iiA/ii 

||9'||2<1 Hi? Il2||/i'i|2 

\\h'\\2<l 



<n- (2.94) 



where in the fourth equality we called g'{0) := g{9m, ■ ■ ■ ,di) (similar definition for h') 
and we used that \\g{9m, ■ ■ ■ )^i)||2 = llfi'lb (same for h). 



2.8 Fields and local operators 

Following |Lec06] . and analogous to free field theory, we can define a quantum field 
as, / e S{R^), 

4>{f):=z\n + z{n. (2.95) 

As shown in |Lec061 Proposition 4.2.2], this field has similar mathematical properties 
to the free scalar field: It is defined on "H^, and essentially selfadjoint for real-valued 
/. Moreover, (p has the Reeh-Schlieder property, transforms covariantly under the 
representation U{x, A) of V+, and it solves the Klein-Gordon equation. 

However, (j) is strictly local only if 5* = L For generic S, the field is only localized 
in an infinitely extended wedge - rather than at a space-time point - in the following 
sense. Let us introduce the "reflected" Zamolodchikov operators, ip ETii, 

ziifj)' := Jz{tlj)J, z'^it/j)' := Jz\i/j)J, (2.96) 

and define another field (p' as, / G 5(M^), 

0'(/):=WV, /^■(x):=7F^. (2.97) 

It has been shown in |Lec06t Proposition 4.2.6] that the two fields 0,0' are relatively 
wedge-local: For real-valued test functions /, g with supp / C W and supp g C W, 
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one finds that [e^'f'^-^^ , e"^''^^) ] = 0. Hence, we can understand and as being 
localized in the shifted left wedge and in the shifted right wedge Wy, respectively. 

This result is obtained by computing the commutation relations of z, with z\ z'^' 
|Lec06| Lemma 4.2.5]: Let g G 'K\. The following holds in the sense of operator- valued 
distributions on 'K^: 

[^(^)', z\G)\ = B^'', [z\gy, z{9)] = -iBS'^r (2.98) 

[z{gy,zie)] = 0, [z\gy,z\e)] = 0, (2.99) 

where B^'^ = ©^qI?^'^ and i?^'^ acts on the ra-particle Hilbert space as a multiplication 
operator: 

n 

B^/iOu . . . , ^n) = 9{e) n s{e - Oj). (2.100) 

Instead of working with unbounded (closed) operators, we can also work with associated 
von Neumann algebras: We define the ^^wedge algebra" as: 

M = {e^'^(^)" I / G 5m(M2), supp/ C wy. (2.101) 

Remark: we can restrict this definition to smaller sets / G V^{W), or even to / G 
V^iyV'). This does not change M. since V^iW') is dense in V^iVV') in the P-topology 
(see |Bjo65| ) and V]^(yV') is dense in iSm(]R^) with respect to test functions with support 
in W'. Moreover, the set of operators e'^'^^^^ with / in these restricted domains is dense 
in Ai because the map / i— )• e*'^*--^-' is continuous in the strong operator topology (see 
for example |RS75] ). 

We can extend this definition to define algebras associated with any wedge in M^: 
As shown in |Lec06t Proposition 4.4.1], the triple (A^, f/(a;), "H) satisfies the defining 
properties of a standard right wedge algebra in the sense of |Lec06t Definition 2.1.1] 
and the associated map W ^ AiW) (where here W is a generic wedge) is a local net 
of von Neumann algebras with the properties in |Lec06| Proposition 4.4.1]. 

We can extend this definition to bounded regions by taking intersections of wedge 
algebras. Namely, the local algebra of a double cone Ox,y = Wx H W^, x, y G M^, 
y — X E W, is defined as 

A{Ox,y) := AiWx) n AiWyY. (2.102) 
It has been shown in |Lec06j that O i— i- A{0), where 

A{0):=(^ U A{0,,y)y, (2.103) 

is a covariant, local net of von Neumann algebras fulfilling the standard axioms of a 
local quantum field theory. Here it is not a priori clear that the algebras A{0) are 
nontrivial, i.e., that they contain any operator except for multiples of the identity. 
However, Lechner proved |Lec08j that at least for regions O of a certain minimum size, 
the vacuum vector Q is indeed cyclic for A{0), of which it follows that the algebras 
are type IIIi factors jBL04] . 
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Chapter 3 

The Araki expansion 



We consider quantum field theory on 1+1 dimensional Minkowski space. We know that 
in the case of a real scalar free field, any operator A on Fock space can be decomposed 
as 

^= E / ^^/-,n(^,r7)at(eO---a^(Ua(r/i)---a(r/„), (3.1) 
^-^ J mini 

m,n=0 

where 9j, rjj are rapidities and where the (generalized) functions fm,n can be written 
down explicitly in terms of a string of nested commutators: 

/„,„(0, 77) = {n, [a{9^), [. . . a(e^), [. . . [A, a\r]n)] • • • a\r],)] . . .]n). (3.2) 

Araki has shown in |Ara63j (in a different notation) that every bounded operators A 
has such decomposition. 

In the following section we aim to establish an analogue of the series expansion (13.11) 
in terms of the deformed creators and annihilators z, z'^ in our models with factorizing 
scattering matrix. Moreover, we aim to establish this expansion for arbitrary bounded 
operators, and more generally for unbounded operators and quadratic forms. This is 
an important ingredient for a characterization theorem for local operators which we 
will formulate in Sec. O 

3.1 Contractions 

In this section we will introduce some of our notation, similar to |Lec08j but with 
conventions slightly more convenient for our purposes. 
We consider for A G the matrix element 

{z\e,) ■ ■ ■ z\e^)n, Az\r^^) ■ ■ ■ z^t^M =■. {£(0), Ariri)), (3.3) 

A contraction C is a triple C = (m, ra, {(Zi, ri), . . . , (Z^, r^)}), where m,n E No, 1 < 
Ij < m and m+l<rj<m + n, and both the Ij and the rj are pairwise different 
among each other. We denote Cm,n the set of all contractions for fixed m and n, and 
write \C\ := k for the length of a contraction (in other words, the number of elements 
of the set in the third entry in the definition of C). 

Using this notion of a contraction, we can consider ( "contracted" ) matrix elements 
{£c{0),Arc{'n)), where 

iciO) := z^{9,) ■ ■ ■ ^) ■ ■ ■ ^t(^) ■ • • z^ejn, (3.4) 
rciv) ■= z\r]n) ■ ■ ■ z^r]r^^„i) ■ ■ ■ z^r]r^^.^_rn) ■ ■ ■ z\r]i)n, (3.5) 
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and where the hats indicate that the marked elements have been omitted in the se- 
quence. 

We note that ic{ ■ ) is an "H-valued distribution on P(M™~''"'), namely when smear- 
ing each with test functions in T'(M), (-cif) is a vector in T-i. Actually, its values 
are in 1-L^'^\ indeed, given any function / smooth and of compact support, ic{f) '■ = 
J d"^9 f{O)£c{0) is a vector of finite particle number, and has the norm 



(3.6) 



This inequality is a generalization of fl2.48p first part, in the case i = 0. Namely, 
we can follow the same computation as in the proof of fl2.48p . but setting i = and 
considering z^'^{f) instead of -2;^(/). By explicit computation: 



'1/ 



||e"™€c(/)f = j <r-\^\e<r'-\^\e'f{e')f(d){e'' 
■ ■ ■ ^) ■ ■ ■ ;.t(^) ■ ■ ■ z\e'jn, e-w.^He,) ■ ■ ■ z^e.j ■ • ■ z^e,;^) ■ ■ ■ z\ejn) 

< im-\C\)\ y"d™-l^l^"|/(^)re2'^^^r=i'=°«he;.) 

= {^-\cm\\mr- (3.7) 

where in the second inequality we used the ^'-symmetry of /. 

This holds similarly for rc{-)- Therefore, for fixed A G Q"^, the matrix element 
{iciO),Arc{'n)) is a well-defined distribution on P(M'"+'^-2|^l)'. 

We associate with a contraction C E Cmn the following quantities: 



c 

j=lmj=lj+l ri<rj 



(m) 



(3.8) 
(3.9) 



where we used the notation 



Sa,b{0) '■= S{6a — 6b), Sj^^ :-- 



Sb,a a<m<b,b<m<a 
Sa b otherwise 



(3.10) 



We will often not write down explicitly the arguments 6, 77 where they are clear from 
the context. We will see the use of the above expressions later in the present thesis. 

It will become also very useful the fact that we can express the factors Sc in terms 
of the expressions 5*°" associated with permutations cr, as the following Lemma shows. 



Lemma 3.1. There holds 



6cSc{e,'n) = 6cS'^{e)S^{ri), 



where 



a 



1 

1 m li . . 

m + 1 
r\c\ ■ ■ ■ ri m + 1 



m 



m + n 
m + n 



(3.11) 



(3.12) 



34 



3.1. CONTRACTIONS 



Remarks: I indicates that we leave out the Ij from the sequence; f analogously. The 
permutations a, p are not unique since one can permute the pairs of the contraction. 
However, the right hand side of (13.111) is independent of this choice since the extra 
^-factors associated with different permutations cr, p of the same pairs would cancel 
each other due to the delta distributions. 

Proof. Considering the above remark, we can assume that ri < . . . < r\c\- From the 
definition of S'^ , in Eq. (12.51) with a, p given by (13.121) . we can read off that 

C m 

s^=uu n^'^.'.' (3-13) 

j=lpj=lj+l i<3 
\C r,-l 

^'=n n (3.14) 

j=l qj=m+l 

Computing the product S'^S^ from (I3.13P and (I3.14p . and taking the factor 5c into 
account, we find that 5cS"S'' = 6cSc with Sc defined as in (13.91) . □ 

We will also need to consider compositions of contractions. Given the contrac- 
tions C G Cm,n and C G Cm^\c\,n-\c\y the composed contraction, where the indices 
are contracted first with C, then with C, is defined as CuC G Cm,n, CuC = 
(m, n, {(/i, ri), . . . , {Ik, r^), r[), . . . , {I'k' , r'f,')}) ■ This definition should be intuitively 
clear; on the other hand, note that it involves a renumbering of the indices in C before 
taking the set union CuC; we will often avoid to indicate this renumbering explicitly. 
With respect to this composition of contractions, also the factors Sc and Sc compose 
in a certain way, as the following lemma shows. Here G M™"!"-^' indicates that has 
the components 6i^, . . . , 6^^^ left out; analogously for r). 

Lemma 3.2. Let C G Cm,n and C G Cm-\c\,n-\c\- There holds 

6c{e,r])6c'{e,'n)Sc{e,r])Sc'{e,'n) = 6coc'{O,r])Scuc'{0,'n)- (3.15) 

Proof. From the definition (13.81) it is clear that 6cSc' = Sciic ■ Using this and Lemma IXTl 
it remains to show that 

^"(6>)^"'(^) = 5""(0), SP{r])S^'{fi) = Sf'"{'n), (3.16) 

where a, p, a', p', a", p" are the permutations associated with C, C, and CuC, respec- 
tively, by Eq. (13.111) . We note that a' is given explicitly by 

...iv... "i" ... i",) ^ ^'-''^ 

We can consider a' as an element of &m by extending the permutation matrix in the 
following way: 

fl ...I... m h ... . . 

yi ...VI... m l[ ... h ... lidj' ^ ' 

With this, S'^' (0) = S'^' {6'^). Using the composition law in Eq. (12.61) . one has 

^-"(61) = ^"'(0")5"(6') = S"'(^)5"(0). (3.19) 
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where a" is given by: 

a":=aoa'=(\ , " ', , ) (3.20) 

\l ... I' I ... m ... /|^,| h ... l\c\J 

One notices that this permutation is indeed associated with CUC" by Eq. (13.111) . 

We obtain in a similar way the second part of Eq. (I3.16p . and hence we find the 
result of this lemma. □ 



3.2 Contracted matrix elements 

Gi^ 
by 



Given any quadratic form A G , we define its fully contracted matrix elements fm}n 



&^,V)--= E (-l)'^'5c^c(0,r7)(^c(0),Arc(77)). (3.21) 

These are very similar to Lechner's contracted matrix elements ( ■ ^ introduced 
in |Lec08] : the relation between our fmjn and Lechner's contracted matrix elements, in 
notation used there, is fmjn = {JA*JY^\^^. 

We can show that fm}n are well-defined distributions in P(M'"+"')'. Indeed, due 
to our remark after (13. 7p . the contracted matrix elements {lc{0), Arcifij)) are well- 
defined distributions in ViW^^^)' . The product of the delta distributions 5c with 
(€(7(0), A rc(77)) is well-defined because they depend on mutually different variables. 
Since S is smooth (see Definition 12. ip . the product of Sc with 5c ■ {£c{0), Ard'n)) is 
also well-defined. Therefore, the quantity 5c ■ Sc ■ {£c{d), Ardil)) is a well-defined 
distribution in r'(M™+")'. 

We can even show more, namely that the norms ||/m!n||mxn finite; we prove this 
in the following Proposition. 

Proposition 3.3. For m,n & Nq, there is a constant Cmn such that for all A G , 

II f [^1 11"^ < r W A f3 99) 

\\J m,n\\rrixn — '-^mn\\^\\m+n- yo.z^z,) 

Proof. Applying the triangle inequality we find 

ll/liLll™xn < E ¥cSc{£c{e),Arc{il))rm.n- (3-23) 

By Lemma Em the factor Sc{0,r}) factorizes to S"{0)S''{'r]); applying Eq. (I2.59p . we 
have 

\\5cSc{ec{e),Arc{ri))rm>cn < H^'^IUPc (^cW, ^^0(77))!!- .JI^^'IU 

= \\5c{ic{0),Arc{v))rm.n- (3.24) 

where in the third equality we estimated the uniform norms of S^, S^' by 1 (since on 
the real axis, |>S'(6')| = 1 for all 6). The individual factors of 5c and the matrix element 
{£c{0), Ardr})) depend on mutually different variables; so, we can apply repeatedly 
(ESSDto ||5c(^c(^),^r-c(r;))||-,„,wefind 



c 



WJm^nWmxn — / ^ 



/, -%)llixi)||(^c(^),^r-c(r/))||f„_ic,|),(„_|c;|). (3.25) 
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By application of Cauchy-Schwarz one easily sees that \\S{9 — ri)\\i^i = 1; we can show 
that 



\\{ec{e),Arciv))\\tm-\c\).(n-\c\) < Vim-\C\)\y/{n-\C\)\ \\A\\l^„. (3.26) 
The inequality fl3.26l) can be proved as follows. From fl2.57p . we have that 



l(m-|C|)x(n-|C|) = 2ll^ \^C{f^),^' Cyri)n\{ni~\C\)x{n-\C\) 

1 

2 



+ -IK^cW, Arc(r7))e--(^(^))||(^_|c|)x(n-|c|). (3.27) 



We consider the first norm on the right hand side of the above equation. By f l2.56p . 
we have that 

||e--(^W)(£c;(e),Arc(r7))||(^_|c|)x(n-|c|) 

|/e-(^W)(£c(0),Ar-c(r7))(7(^)/i(r7)rf'"-l^le>-l^lr}| 
= sup J , II -■ (3.28) 

||9||2<1 ll^l|2||/^||2 

ll'l||2<l 

We can estimate the absolute value of {£c{0), ArdT])) integrated with the functions 
g, h using the Cauchy-Schwarz inequality: 

\{e--(^Micig),Arcm 

= I {icig), Q™-|c|e-"™ Ag„_|c| rcih))\ 
< V(m - \C\)\^{n - |C|)!||r/||2||/i||2||Qm-|c|e'"(^/^)AQ„_|c||| 

< y/im - \C\)\^/{n - \C\)\\\g\\2\\h\\2\\Qm+ne-"'^''/^^ AQ^^+nl (3.29) 

Hence, we have: 



--(^W)(£c;(^),Arc(r7))| 



(m-|C|)x(n-|C|) 



< v/(m- |C|)!v/(n- |C^|)!||g,n+ne-"^^/^Mg„+„||. (3.30) 
By a similar method, we find for the second norm on the right hand side of fl3.27p : 



|(£c(^),^e--(^(^»rc(r7) 



\{rn-\C\)x{n-\C\) 



< v/(^- |C|)!v/(^- |C^I)!||Qn^+nAe--™g„^+n||. (3.31) 

By definition (12.410 and fl3.27p the two estimates above imply (13. 26 p . Inserting (13.260 
into (Km . we find the result (K22^ . □ 

We present here an alternative proof of Proposition 13.31 close to Lechner |Lec08[ 
Lemma 4.3]. 

Proof. We write 6i := {6i^, . . . ,0^^^) and 5c Sc = ScS^S^, where and S^i are 
functions of the variables {6i,. . ., 6m} and ({r/i, . . . , r]n}\{i]r^-m, • • • , r]r^^^-m}) U {0i}, 
respectively. For g e ©(R™"!'^!), h e V{W-\^\), we consider 

G^e, ■■= S^-ge,, (3.32) 
H^, := Sji-he,. (3.33) 
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where := g{6i, . . . ,6i, . . . , 9m), hg^ := h{rjn, . . . , ^i, . . . , r/i) and where the functions 
G^^ e V{W^-\^\) and H^^ e V{W~\^\) depend parametrically on Oi e MI^L 
We consider: 



d"^errjfl^^i0,ri)giO)hiri) 



X (£c(^),e-"™Q^-|c|^Qn-|c|rc(^))e"(^^'^)^7(^)/^(r7) • (3.34) 
After integrating over the delta distributions, we find: 



r.h.s. (EMD 



J2 (-1)'^' /^l^lei(e^(^^-^)Gg,Qn.-|c|e--(^/''MQ„_|c|i^^) 



Using the Cauchy-Schwarz inequahty, we find: 
r.h.s. (EMD 



(3.35) 



< Yl Vin - \C\)W{m - \C\)\ I d\^\ei ||e'^(^")Gg||2 ■ | |Q„.e--™AQ„| | ■ \\H^^\\^ 
= J2 v/(^^-|C^|)!V(^-|C|)! I S'^^ ||e-(^»)(7«J|2 ■ ||g^e--™AQ„|| ■ \\he,\\2 
<( E v/(^ - \C\)W{m - |C|)!) ||e-(^")<7||2 ■ ||Q™e-™AQ„|| ■ 
= ( E v/(^ - \C\)W{m - |C|)!)||^7||^ ■ ||Q™e--™AQ„|| ■ \\h\\^. 

(3.36) 

where in the third inequahty we made use of the monotonicity of to: e^^^^^^^ < 
^uj(E(d)+E(0i)) ^ and of the Cauchy-Schwarz inequahty. 
Using the inequahty a\b\ < {a + b)\, we find 



r.h.s. < ( Yl l)\/(^ + ^)!|l^7llMIQme-"^''^^MQ, 



(3.37) 



The number of contractions in Cm,n is given by 



We denote := \Cm,n\^/ (m + n)!, we have 



d^erri fl^Ue,rj)giO)hiri) 



(3.39) 



Cahing (7'(0) := e'^^^^^^^ g{0), the equation above can be rewritten as follows: 



ci™0c/"r/ e-(^(^))£^L(^, V)g'{e)h{rj) 



<4J|^7'||2-||Q™e--™AQ 



2. 



(3.40) 
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Analogously, we compute the same norm as before but with e'^^^*^^-*-' replaced by e'^^^*^^-'-*: 



X {^c{0),Qm-\c\AQn-\c\e 

We find in this case: 



I (Terr) {-l)\^\5cSc^ 



cec 



rc 



(r7))^7(0)e-(^(^))/i(77) . (3.41) 



<CJ\g\\2-\\Qn.Ae'-W,^Qn\\-\\h\ 



Calling h'{r}) := e'^^^^'^^^h{r}), the equation above can be rewritten as follows: 



(3.42) 



(3.43) 

By summing the left and right hand sides of fl3.40p and fl3.43p . we find: 

d"^0d-r, e"-(^W)/i^L(^,^)^7(^)M^) 

+ i 1 d^Od-ri fl^lie,ri)e-^^^^^^g{0)hi'n) 
< ^4n||^/||2- ||Q™e""™AQ„|| • \\h\\2 + ^CM\2-\\Qn.Ae-^W,^Qn\\ ■ \\h\ 



< 7;Cmn\\g\\2-\\Qm+ne ^<5m+n 1 1 " 1 1 "-1 1 2 



+ ^C^n||(?||2-||Qm+n^e-"™Q 



m+n|ni"'||2- 

(3.44) 



where we denoted Cmn '■= c'mn + ^mn- 

Taking the supremum of the left and right hand sides of the above equation over 
ll^lla < 1 and \\h\\2 < 1, we find flX^ . □ 

3.3 S-symmetry of the coefficients 

Proposition 3.4. The distributions fm}n are S-symmetric in the first m and last n 
variables separately; that is, for permutations vr G &m and t G ©„, 

fl^SO, ri) = S-iO)S-{rj)fl^liO\ rj^). (3.45) 

Proof. We consider only the case r = id; the arguments that we make for vr then apply 
to r analogously. It also suffices to consider the case where tt is a transposition due to 
the representation property of S'^ , see Sec. 12.31 
In f l3.2ip we denote: 



/ICL(^,^)= E Tc{e,rj), where Tcie,ri) := i~lf\5cSc{ici9),Arciri)). 

(3.46) 



C6C„ 



We want to compute 

Tc{e\rj) = i-lf^dciO^ri) S^ie^") S^irj) {£cm,Arc{r))), (3.47) 
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where 0^ = {9i, . . . , 9k+i, Ok, ■ ■ ■ , ^m), and where we made use of Eq. fl3.1ip . namely 
a, p are the permutations corresponding to C by Lemma 13.11 We distinguish the four 
cases where each of the indices k and + 1 can be either contracted or non-contracted 
in C. 

(a) Consider the case where both k and k + 1 are not contracted. Since 5c de- 
pends only on the contracted variables, we have 6c{0^,ri) = Sc{0,r}). Moreover, 
{£c{6'^), Arc{ri)) = 3(6^ — 9k+i){£ciG), Arc{r])) due to the exchange relations of 
the Zamolodchikov algebra. As for the factor S'^{6^): Since tt is a transposition, 
then for all 1 < j < |C| we have that either fc, /c + 1 > /j or /c, + 1 < Ij. In both 
cases it follows from that S''{0'^) = S"'(0). In total, we obtain 

S^e)Tcie\rj)=Tcie,ri). (3.48) 

(b) Consider the case where both k and k + 1 are contracted. Given C = (m, n, 

{(/i, n), . . . , {k, r), (fc+1, r'), . . . , {l\c\,ric\)}), let C := (m, n, {{h, n), . . . , {k, r'), {k+ 
1, r), . . . , il\c\,r\c\)})- Then we have that 6c{0'^, rf) = 6c'{0, rf) and also, £0(6^) = 
£c{G) = £c'{0), since both 6c and £c{-) do not depend on the contracted variables. 
Regarding the S-factors, we write using Eq. (12.61) . 

s^ie^") = s'"'{d){s^{e))'^ (3.49) 

The permutation vr o a is given by 

m 

7rocT=|l ... k + lk ... m \ (3.50) 

...f... m Ti . . . k + \k . . . Tfc 

One finds that tt o a corresponds to C above in the sense of Eq. (13. lip , with the 
same p for both C and C . Combining all this into (13.471) . we obtain 

S^{e)Tc{e\r]) = Ta{e,r]). (3.51) 

Note that the contraction C is again of type (b). 

(c) Consider the case where k is contracted, but A; + 1 is not contracted. Given 
C = (m, n, {(/i, ri) . . . {k, r) . . . il\c\,ric\)}), let 

C := (m,n, {(/i,ri) . . . (/c + 1, r) . . . il\c\,r\c\)})- Then, we have that 5c{0'^ -.rf) = 
5c'{0,'n) and €c(^^) = ^ciO)- Moreover, using Eq. ([52]), we write ^'^(0^) = 
S'^'^{0)S'^{6)~^ where the permutation tt o a, which is given by 

m 

7ro(T=|i ...k + lk... m |, (3.52) 

f k k + 1 . . . m ri . . . k + 1 . . . r^^ 

corresponds to C in the sense of Eq. (13.110 . with the same p for both C and C. 
Combining all in (I3.47p . we arrive at 

s-{e)Tc{o\rj) = Tcie,'n). (3.53) 

(d) k + 1 is contracted, but k is not contracted. This case is analogous to (c); indeed, 
the contraction C in (c) is exactly of type (d). 
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Summing over all contractions C in fl3.46p . we obtain from f l3.48p . f l3.5ip . fl3.53p that 
S'^ {6) fm}n{0^ , rj) = fm}n{d, T]) as claimed. The details of this summation argument are 
as follows. 

Using the above results in (a), (b), (c), (d), we compute ^ceCm,i '^c{G'','n) we 
find: 



rac^''^ rar^''^ rpc'^"^ rar^''^ 

+ Y Tc'{0,r))+ Y Tc'{0,rii 

= {sn-'{ Y Tc{e,r^) + Y ^c{e,v) 

+ Y Tc{d,ri)+ Y Tc{e,v) 



= isn-' Y Tcie,r,). 

(3.54) 

where in the sum over C G Cm,n in the third equality we have that C is defined 
correspondingly as in (c). □ 

3.4 Inversion formula for matrix elements 

In Eq. (KT[^ . we defined fl^l certain sum over matrix elements of A. We can now 
invert this formula in the sense given by the following Proposition. 



Proposition 3.5. For any A E , 



{£{e),Ar{r)))= Y Sc CL^cin-idi^^-n)- (3-55) 

(Here 6, r) denotes the variables which are obtained from 6, r] by leaving out the 
components which are contracted in C.) 

Proof. Inserting f l3.2ip into the right-hand side of fl3.55p . we need to show: 
{e{e),Ar{rt))= Y ^cSc{e,ri) Y (-l)"^''5c'5c'(^, r7)(W(^), ^r-cuc'(^))- 

(3.56) 
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Using Lemma [221 we find 

r.h.s.(l336D = (-l)"''''^ cuc'Scuc'i^y'n) (^cuc"(^)) ^^cuc'(^))- (3.57) 

CeC„_lc|,n-|c 

We denote D := CuC; then, we can reorganize the sum over C and C in the following 
way: 

r.h.s.(l336D= J2 ( E (-l)"''')'^D5z,(£D(^),Arz)(r7)). (3.58) 

DeCm,n D=CUC' 

We compute the inner sum in the above formula (at fixed D) using the binomial 
formula: 

^Mpug,_,,(PI).{0 I j-j^J; ,3.50, 

D=CUC' J=0 \ J / II ; 

Hence, we find that the right hand side of fl3.58p gives {£{6), Ar{r])) as claimed. □ 
3.5 Basis property 

A next step which is useful in order to establish a series expansion for any quadratic 
form A G in terms of the fm}n is to prove that the z^^{0)z'^{ri) form a "dual basis" 
for the contracted matrix elements fm}n- 
Proposition 3.6. In the sense of distributions, there holds: 

fm,n [z^'^\e')z^'{rj')'\ {6, rj) = m\n\6^,m'Sn,n' Sjms^g 6^{e - 0') Sym^,^ ^"(r/ - rj'). 

(3.60) 

Proof We consider A := z^""' {e')z''' [r]'). If m — m' ^ n — n', then all matrix elements 

of A in fl3.2ip vanish, hence fmjn = and the claim follows. Therefore, we consider in 
the following k := m — m' = n — n' . 

If A; < 0, then all the matrix elements in f l3.2ip vanish again, and we have fmjn = 0; 
hence, the claim follows. 

If k = 0, then we can directly compute that 

flnU^.v) = {z^"'{9)n,z^"^{9')z"{ri')Jz^-{r))n) 

= {z^"'{e)Q, z^"'{e')Q) {Q, z''{'n')Jz^''{'n)Q) = m\n\ Sym^e (5"^(6>-6>') Sym^^ (5"(T7-r/'), 

(3.61) 

So, again the claim follows. 

If > 0, we prove that fm}n = using induction on k. For given k, we can assume 
that this statement is true for some k' in place of k, if < k' < k. Now, in Prop. 13.51 
we have < kc < k, and nic — m' = ric — n' =: kc, nic := m — |C|, ric n — \C\. 
Thus we can apply the induction hypothesis: fm];,nc = 0. For the case kc = 0, (I3.6ip 
applies; for the case fc^ < 0, the above argument for < applies. 

Therefore, from Prop. 13. 5[ we have 



C6C„ 



E ^cScm'\n'\Sym,^^6'^'{d-e')Syms^^S'''{fi~'n'). (3.62) 



\C\=k 
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Using also f l2.13p . it therefore suffices to show that 
{m,Ar{r)))=w!\n'\^Yms-.^e'^Y^s-\r,' Yl ScScS"'' (0 - 9')6''' (f, - rj'). (3.63) 

\C\=k 

Since both {£{0), Ar{r])) and /^L are S-symmetric in the variables 9, rj, we know from 
fl3.62p that the right hand side of f l3.63p must be ^-symmetric too; we can therefore 
take the S'-symmetric part of each term in the sum. 



r.h.s.(|3J3D 

= Sym^,, Sym^,^ (m'ln'l Sym<,-._,, Sym^-i,^, ^cSc5^\0 - e')6^' {fj - V)) • 

\C\=k 

(3.64) 

We rewrite Sc as S'^S^, where a and p are the permutations corresponding to C by 
Eq. f l3.1ip . For the moment let us consider a single term in the above sum, that implies: 

Syms,e Sym^,^ (^5cScm'\n'\ Sym^^,,,, 6"^' (0 - 6') Sym^-,,^, 5"'(r) - r/')) 

= Sym^,, Sym^,^ (6cS''{e)S^{rt)m'\n'\ Sym^.^,,, 6^' {6 - 6') Sym^.^,^, 5"'(f) - 77')) • 

(3.65) 

Let us consider the contraction Cq := {(m, 1), (m— 1, 2), . . . {m—k, k+1)} corresponding 
to Sco = 1, and therefore (in the sense of formula f l3.1ip ) to S"^o = S^'^o = 1. We write 
a generic contraction C of length |C| = A; as a permutation acting on the contraction 
Cq. In particular, 6c in the formula above rewrites in terms of Co as: 6c{0,r]) = 
UfJi^i^ij - Vvj-m) = lli>m-\c\SiOi -%)|e=ea = 5 Co^^" , -qp) . Hcuce, each piece in 

fl3.63p becomes 

l.h.s. fl3.65p = m'\n'\ Sym^. ^ Sym^.,^ 

{5c,{e'^,'nP)S'^{e)SP{r)) Sym^.,,,, 5™'(F''° - 6') Sym^-.,^, 5"' (7?''° - 77')). (3.66) 

where d , r] ° indicate that the variables are contracted in Cq. 

Then, using the formula Sjmgg{S'' {6) g {0'^)) = Symgg{g) to simplify the expres- 
sion, we find 

l.h.s. fl3.65p = m'ln'l Sym^^^ Sym,^,^ 

|Co| m-\Co\ n 

^ ^j-\co\n- 

i=i j=i i=|Co|+i 

(3.67) 

In view of (12.130 the symmetrization in 6', r}' can be dropped in favour of the sym- 
metrization in 6, r], we find 



l.h.s.dSSSD 

|Co| m-\Co\ 

xra Q'\ TT xr^ 



m'ln'lSYms^0Syms^^(Yl^rn-j+i,m+j{O,ri) JJ ^{6^-6'^) JJ KVi-Vj- 



i=i i=i i=|Co|+i 

(3.68) 
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Hence, we have 



r.h.s.f lXB^ = m'!n'! Sym^^g Sym^^^ 



\C\=k 



\Co\ m-\Co\ 



(nwi.-+,(^>^) n ^(^.•-^;) n ^(vj-vUcoi))- (3-69) 

i=i i=i i=|Co|+i 

We find that the terms in the sum do not actually depend on C; the sum, which 
contains (^) {^)k\ terms, can then be computed: 

/, . / m \ / n \ , {m' + k)\{n' + k)\ mini 

mini y 1 = mini [ , , ] kl = — — — klm In I = ——. 3.70 

^ \kj\kj m'lkln'lkl kl ^ ' 

\C\=k ^ / \ / 

Hence, we have 
r.h.s.f lXB^jl 

, , |Co| m-\Co\ n 

= Sym^ e Symc. ,, JJ '^(^'"-J+i " 11 ^(^J " ^j) 11 ^^^^ ~ ^'mco\)) ■ 

i=i j=i j=|Co|+i 

(3.71) 

However, the left hand side of fl3.63p gives: 
{m,Arir,)) = SYms^e^Y^s,rj 

m' n' m—m' I | 

{U^io',A)U^iv:-m^k) n " !^;^./ !. (3.72) 

j=i 1=1 1=1 \ )■ \ )■ 

which is obtained by first computing the matrix element with unsymmetrized creators 
and annihilators, and using {z{vi)h)n{$,) = y/n — Ihn^r], ^). 

This shows (13.631) and therefore concludes the proof. □ 



3.6 Uniqueness of Araki expansion 

Proposition 3.7. For any m,n G No, let Qmn G ViW^^"-)' with \\gmn\\mxn < oo. Then, 

A:=Y. ^^g^^{G,'n)z^^{e)z-{rj) (3.73) 
^ — ^ / mini 

m,n=0 

defines an element of Qf , and fm}n{0,r]) = Sym^ g Sym5,^5fmn(^, '^)- 

Proof. Since we want to show that A is a quadratic form defined between finite particle 
number vectors, it is enough to consider (I3.73P evaluated between vectors of finite 
particle number; hence, the sum on the right hand side of (13.731) is finite. By Prop. 12. IH 
we know that since Hsfmnllmxri < ^) every summand is a well-defined quadratic form 
in Q^] and therefore the sum is in as well; the "integral is finite" due to the bound 
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Ikmnllmxn < ^ (^^^ ^his by Computing the scalar product of A between finite particle 
number vectors explicitly). It remains to show that fm}n = Sjmg Qmn'- 

mini I J 

j7-77-9m'n'{0', r]')m\n\5^^,„,,Sn,n' Syms,0 5^(0 - 6') Symc. S''{r) - ry') 

m In I 

= Symcj^g Sym5_^^„„(0, t/), (3.74) 



m'n'>0 ' 



where in the second equality we made use of Prop. 13.61 □ 
3.7 Existence of the Araki expansion 

We can now show that any A G can be expanded into a series with coefficients the 

Jm,n- 

Theorem 3.8. If A E , then in the sense of quadratic forms, 

^= E / (3-75) 
^-^ J mini 

m,n=0 

Proof. According to Prop. 13.31 since A e Q"^, we have that H/I^LllJ^xn 

< oo, thus by 

Prop. 13.71 the right-hand side of f l3.75p exists in Q^. To establish equality in f l3.75p . 
we need to show that both sides agree in all matrix elements. In view of Prop. 13.51 it 
suffices to show that they agree in all fm,n', that is, we need to prove 



mO,v)= E /^^^J^S^/i>'(^^^0/^^ (3.76) 

m',n'>0 

But this is the case by Prop. 13. 7[ with gmn = frn}n'- 

^^^^ 

m' ,n' 

T7r^/i>'(^', V')m\n\5m,m'5n,n' Sym^ 5^{0 - 6') Sym^ ^"(r/ - v') 

m- ,ri' -^u 

= /KL(^,r7), (3.77) 

where we have used that the fmli are S'-symmetric by Prop. 13.41 □ 

3.8 Behavior of coefficients under translations and boosts 

The Araki coefficients fm}n behave under Poincare transformations as follows. 
Proposition 3.9. For any A G Q'^, x G M^, and A G M, 

m n 

fm,n [U{x, X)AU{x, A)*] {0, 77) = exp (tJ^Pi^^j) ■ ^ - * ■ ^)/i'!n(^ - A, - A), 

j=l i=l 

(3.78) 

where 6 — \ = {0\ — \, . . . ,6„i — \) , similarly for rj. 
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Proof. From the definition (13.21 1) , we have 

Pix, X)AUix, A)*] (6, ri)= J2 Sc {edO), U{x, \)AU{x, A)Vc(r7)). 

(3.79) 

Since f/(x, A)*rc(^) = exp(-i X]fc^{r,} " x)rc{il - A), similarly for €c(^), we 

find 

/m,n [U (x, X)AU (x, A)*] (0, 77) = exp(i ^ p^Ot) -x-i ^ pivk-m) ■ x) X 

X 5^ i~lf\6cSc{£c{e-X),Arc{ri-X)). (3.80) 

Since the factors 6c, Sc depend only on differences of rapidities, they are invariant 
under f/(0, A). Hence, the result follows. □ 



3.9 Behavior of coefficients under reflections 

The behavior of the coefficients under space-time reflections (which are represented by 
antiunitaries J) is a bit more involved than the one under translations and boosts. 
To study how the coefficients behaves under space-time reflections, we introduce for 
any contraction C = {m,n, {{ij,rj)}), the "reflected" contraction C"^ given by C'^ = 
{n,m,{{rj — m,ij + n)}). This contraction is the one that is obtained from C by 
exchanging £ with r, and m with n. We also introduce a factor associated with C that 
will become relevant in later computations: 

|C m+n 

fic:=n(l-ns.^)- (3-81) 

j=l Pj=l 

This factor is related in a certain sense to the interaction of the model; indeed we note 
that in the free case 5 = 1, one has Rc = 6\c\fl, and in the case S = —1 one has 
Rc = when m + n is even. 

Lemma 3.10. Rc has the property 

6ciil,0)Sc{v,0)Rc{v,0) = {-lf\5cA0,il)ScA0,Vi)RcA0,'n), (3.82) 

Proof. Using Lemma [3. H we rewrite f l3.82p equivalently as 

5c{ri,e)S''{'n)S^{e)Rc{'n,e) = i-lf\6cjie,ri)S-'iO)SP'iri)Rcji9,ri), (3.83) 

where a, p and a', p' correspond to the contractions C and C"^ , respectively, in the sense 
of Eq. (13. lip . We note that a is literally the same as in fl3.12p . instead p' works out to 
be 

P'=f/ ; V (3.84) 

By introducing the permutation 

vr=f/ ^ h ••• ^ (3.85) 
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we notice that p' = crovr, and therefore we have that S^' (rj) = S'^{'r}°')S"{r]) by Eq. fl2.6p . 
Correspondingly, one finds that S'^ (0) = S'^{0^)S^{0) where the permutation r is 
defined analogously to vr. Explicitly, one has 



and therefore 



We can see that 



\C m 

i=ipj=i 

C m+n 
j=l nij =m+l 

C m+n 

j=ipj=i 



Rcjie,ri)S''irinS^ien = (-1)1^1 i?c(r7, 
Indeed, using fl3.8ip . the formula above writes exphcitly as: 

|C| 



(3.86) 
(3.87) 

(3.88) 
(3.89) 



c 



m+n 



n (i- n ■ (n n = (-d'"' n (i- n 

(3.90) 



i=i 



So, to get the equality in the equation above, in particular we have to show that: 

m+n m+n 



p=i p=i 



(3.91) 



To see this, consider the first of the two factors. On the support of 6c, we can replace 
Ij with Tj, but noting that Ij < m and rj > m, so that the S"^™"^ factors are turned into 
their inverse: 



m+n 



m+n 



(3.92) 



p=i p=i 

Now we renumber the variables: The r^-th component of (77, 0) is O^j-m, or alternatively 
speaking, the {rj — m)-th component of {0, rf). We get from there. 



5^:i(r7,^) = 5j;l^,,,(^,r7), 



(3.93) 



where p' = p + n ii p < m, and p' = p — m ii p > m. (Note that if p is "left" then p' is 
"right" and vice versa.) 

Taking the product over all p, inserting into the above, and renaming the product 
index, we have 



m+n 



m+n 



\{stlM=\{S^:f.m,p{0.ri)-\ 

p=i p=i 

and that is what we claimed. 



(3.94) 



□ 



We will see now in the following Proposition how the factor Rq enters the formula 
which describes the behaviour of the coefficients fm}n under the action of space-time 
refiections. 
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Proposition 3.11. For any A G , 

Proof. First we notice tliat given any contraction C G Cm,n, we have tliat J£c'{ ■ ) = 
rcj{ ■ ) and Jrc{ ■ ) = ic-^i ' )• Replacing A with J A* J in the definition of fm}n, given 
by Eq. fl3.2ip . we obtain: 

4',f''(^,r/)= Yl i-lf ^5cSc{e,ri){£cj{v),Arcj{e)). (3.96) 

Using Prop. 13.51 in the formula above, we find 
£i*'\0,ij)= Y (-I)""^c5c(^,r7)5c'5c'(^,^)/^'|c|-|c'|,r.-|c|-|c'|(^'^)' (3-97) 

C'eC„_|c|,m-|C| 

where 6, f) indicates that the variables contracted in C are left out, instead 6, f} in- 
dicates that the variables which are contracted CUC""' are left out. Now we apply 
Lemma [3.21 (with C'"^ in place of C), and setting D := CUC""', we reorganize the sum 
as follows: 

" V ' 

{*) 

(3.98) 

It remains to compute the sum (*). Using Eq. fl3.82p . and taking the product with 6r) 
into account, we have 

w= E fff= E n n i^'Hi. 

(3.99) 

where 

m+n 

p=l 

(here we used the fact that 

m+n m+n \C\ 

n ^]?(^'^) = n ^]r""H^'^) -wsrA^^ (3.101) 

p=l p=l g=l 

where the last two ^-factors cancel due to the delta distribution.) 
and where 

m+n 

p=l 

To see (13.1021) . consider the right hand side of the equation above. On the support 
of 5/), we can replace 1'^ with r'-, but noting that 1'^ < n and r'j > n, so that the S'^'^^ 
factors are turned into their inverse: 

m+n m+n 

p=i p=i 
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Now we renumber the variables: The r^-th component of {rj, 6) is 0r'.-n, or alternatively 
speaking, the {r'j — n)-th component of {0, rf). We get from there, 

5(75,(77,0) = 5(ri^^,(0, 77), (3.104) 

where p' = p + m ii p < n, and p' = p — n ii p > n. (Note that if p is "left" then p' is 
"right" and vice versa.) 

Taking the product over all p, inserting into the above, and renaming the product 
index, we have 

m+n m+n 

p=i p=i 

and that is what we claimed in fl3.102p . 
Using the following distributional law: 

n + /3a) = 5z n n (^^^ (^.loe) 

aeA BcAbeB d&B'' 

we find 

(*)= n (^ + rf^)= n {l~a,)=Rn{e,ri). (3.107) 
Inserting this result into f l3.98p concludes the proof. □ 
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Chapter 4 

Operators and quadratic forms 



Most of the material in the following chapter is due to H. Bostelmann. 



4.1 Locality of quadratic forms 

In the previous chapter we discussed the existence and uniqueness of the Araki decom- 
position for any quadratic form A G Q^. So in order to discuss the locality properties 
of A in terms of the Araki decomposition, we need a notion of locality that is adapted 
to quadratic forms A G Q'^. This locality is studied in terms of commutators with the 
wedge-local field 0, but we have first to clarify in which sense these commutators are 
well defined. 

If / G V'^iR'^), then z^{f+) maps 7^"^'^ into so Az^{f+) is well-defined as a 

quadratic form; indeed, we have the following Lemma: 



Lemma 4.1. For f e ^^(M?) one has < v/FTI||/+||^P||^+i. 

Proof. From fl2.4ip we have: 

Uz\n\\t = ^||e-™g.A2n/+)g.|| + l\\QkAz\nQ,e--W,)\\ (4.1) 

We estimate the first norm on the right hand side of (14. ip as follows: 

< \\e'^'^''/^'^QkAQk+i\\-\\z\f+)Qk\\ 



< ||e--™gfc+iAg,+i|| • ||/+||2v/fcTT 

< ||e--™gfe+iAg,+i||v/^||/+||-. (4.2) 
And similarly, for the second norm we find: 

I ig.A^t (/+)g,e-™ 1 1 = \\QkAQ,+,e--W,'>e-W,h\r)Q,e--W,^ \ \ 

< ||gfe+iAgfc+ie--(^/^)|| ■ ||e-™zt(j+)e-(/^/M)g^|| 

< \\Qk+iAQk+ie-^^''^''^\\VkTl\\r\\l (4.3) 
Putting together these two estimates, we find from (14.11) the claimed result. □ 



In analogous way, we have that also the product z'^{f~^)A, and the products of A 
with z{f~), 0(/), 0'(/) from the left or the right are well-defined in Q^; this implies 
that we can define the commutator [A, 0(/)] := A(j){f) — (j){f)A G Q^. Given this, we 
can define our notion of locality as follows. 
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Definition 4.2. Let A e 

edge at x) iff 



We say that A is w-local in Wx ( the right wedge with 



[A, 0(/)] = for all f G V^iW^), as a relation m Qf . 



(4.4) 



A is called u-local in iff J A* J is u-local in Wx- A is called u-local in the double 
cone Ox,y = yVx H W'y iff it is co-local in both Wx and W'y. 

In the following lemma we characterize better this notion of locality. Such a Lemma 
is formulated only for the standard right wedge W, but actually it holds for other 
regions in analogous way. 

Lemma 4.3. Let u be an indicatrix, and A G . The following conditions are 
equivalent: 

(i) A is u-local in W. 

(ti) [A,4>{f)] = 0forallfeV'^{W'). 

(Hi) For every ip,x ^ 'H'^'^ there exists an indicatrix co' such that {ip, [A,(f){f)]x) = 
for all f G V^'iW'). 



(iv) For every ip,x ^ , it holds that {(f){x)ip , Ax) 
the sense of tempered distributions. 



{ip, A(j){x)x) for X G W , in 



Proof. First we note that (iv) is well defined: Indeed, since < C)0, the matrix 

element (■?/', Ax) is well defined (by continuous extension) if x G "H^ and at least one 
of ifj, X is in . 

Since 0(/)'H^ C "H^ and since the map 5(M^) Ti, f ^ 4>{f)x is continuous 
with respect to the Schwarz and the Hilbert space norms in the corresponding spaces, 
the map / i-> {ip, A(f){f)x) is a tempered distribution; the same holds for {(j){f)ip, Ax) 
analogously. 



-Now the equivalence 



iK^ 11 



is trivial since (iii) is a special case of (ii) where we choose u' 



is true due to the definition; 



IV 



n 



m 



IV 



fol- 

holds because 
□ 



lows because (W) is dense in V{W) (see |Bj565| ); and 

V^{W) C 5(M2) since P(W') C ^(R^) (and [W) is dense in V{W)) 

The notion of w-locality is clearly weaker than the usual notion of locality. If A is 
just a quadratic form we cannot write down well-defined commutators of A for example 
with the unitary operators expz0(/)~, or with a general operator B G ^(W^), and 
the notion of w-locality does not give us any information regarding such commutators. 
However, cj-locality is not so weak as it might appear at first glance: In the following 
section we will try to clarify the relation between cj-locality and the usual notion of 
locality. 



4.2 Relations to usual notions of locality 

Now we would like to pass from cu-local quadratic forms to operators which are cj-local 
and also to investigate the relation of cu-locality to usual notions of locality. We are 
aiming to characterize closed operators which are affiliated with the local algebras. 
We found that this class of operators are still manageable to characterize within the 
framework of the Araki expansion. On the other hand, smeared pointlike fields are 
typically closable where they exist, see |FH81t IWol85] . and we will also find some 
closable operators in our models explicitly, see Sec. M 
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Proposition 4.4. Let TZ he one of the regions Wx, Wy, O^^y for some x, ?/ G R^. 
(i) Let A be a bounded operator; then A is u-local in TZ if and only if A ^ A{TZ). 
(a) Let A be a closed operator with core l-C^'^ , and l-C^'^ C domA*. Suppose that 

yg G V^iR^) : exp(i(/)(^)^)?/'^'^ C domA. (4.5) 
Then A is u-local in TZ if and only if it is affiliated with A{TZ). 



(Hi) In the case S = —1, statement (ii) is true even without the condition (14. 5p . 



Remark on the conditions: We could make the condition (14. 5 p in the hypothesis 
of Prop. 14.41 a bit weaker by requiring that exp(2t0((7)^)'H'^'^ C domA for small 
and we could also restrict to supp (7 C TZ' . With this, one can see that the proof of this 
Proposition (see below) proceeds analogously. 

Proof. We will prove this proposition only in the case where TZ is the standard right 
wedge TZ = W and its associated algebra AiJZ) = A(yV) = A^. The other cases 
TZ = yVx 01 TZ = Wy can be obtained from the case before by applying Poincare 
transformations (and using the property of covariance of the associated algebra); anal- 
ogously the case TZ = Ox,y can be obtained from the case 7^ = W by applying Poincare 
transformations to the right and left wedges of the intersection. 



We notice that (i) is a special case of (ii) since a bounded operator is in particular 



a closed operator with domain the entire Hilbert space T-L. Also, obviously a bounded 
operator is affiliated to the von Neumann algebra A{TZ) if and only if it is an element 



of this von Neumann algebra. We will now prove (ii) ; for this we consider an operator 
A which is closed and cu-local in W. We need to show that A commutes with the 
unitaries exp{i(j){g)~) where g G P^(W'), in a way that is compatible with the domain 
of A, in the sense that each unitary exp{i(f){g)~) in A{TZ') should carry the domain 
of A, domA, onto itself and satisfy the commutation relation there ("affiliation" of A 
with the von Neumann algebra A(TZ)). So, let g G V'^{W'), we consider the "cut-off" 
series expansion: 

Bn--=i2y(^(9)-)\ (4.6) 

A;=0 

with n G Nq. This is an operator defined at least on H"^'^, since (j) can be applied 
finitely many times to finite particle vectors; also its adjoint is defined there, since -B* 
is the same as i?„ with i replaced by —i, considering that (p is essentially self-adjoint 
on the space of vectors of finite particle number. 

Since A is cu- local in W and since -B„ has a series expansion in terms of (pig), with 
g G V^{yV'), we have, as a consequence of Lemma [4.l^(iv) , that commutes with A: 



{B:ij,Ax) = {A*tlj,Br,x) for all (4.7) 

where we used that ip G domA*, since in the above equation we took A to the left 
side of the scalar product, applied to ip- Since ip and x a-re analytic vectors for (f){g), 
we have for n — )■ 00 that the exponential series for Bn converges in strong operator 
topology, namely that BnX — ^ Bx and B^ip — )■ B*ip, where B := expi(j){g)~ . 
Equation (14. 7p implies in the limit n — > 00: 

{B*ij,Ax) = {A*^,Bx) for all (4.8) 
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By hypothesis f l4.5p . Bx G domA; this imphes that we can take A* in fl4.8p to the right 
side of the scalar product, that is {A*ip, Bx) = {4', ABx)- Since B is bounded, we can 
do the same with B* in (14. 8p . we have {B*-ip, Ax) = BAx)] since ip can be chosen 
from a dense set in 'H, we conclude that 

BAx = ABx for all X e (4.9) 

We would like now to generalize f l4.9p to general vectors x ^ dom A and to more general 
operators B in the commutant of Ai. 

First, we consider a general vector x ^ domA. Since H'^'^ is a core for A, we can 
find a sequence of vectors (xj) iii ^'^'^ such that Xj Xi and also Axj — >■ Ax in Hilbert 
space norm since A is a closed operator. Since Axj Ax we compute from Eq. (14. 9p : 



ABxj = BAxj^BAx. (4.10) 

Since B is bounded we have that Bxj Bx', moreover since A is closed and Bxj G 
domA (by (14. 5p ). we have that Bx G domA. Hence, from (I4.10p we have that 

ABx = BAx for all x e domA, B = exp(i0(^)-), g e Pm(>V'). (4.11) 

By doing a similar computation as in (I4.10p . we can see that the same result then 
holds if B is a finite product of Weyl operators exp{i(j){g)~), or a linear combination 
of product of Weyl operators, or the strong operator limit of linear combinations of 
products of Weyl operators. Thus, by the double commutant theorem, (14. lip holds for 
all B E {exp(z0((yf)~) | g G V^iyV')}" = Ad' . This because by the double commutant 
theorem the closure of {exp(i0(5f)~) | g G V^iW')} in the strong operator topology is 
equal to the bicommutant of {exp(i0((yf)~) | g G Pj^CW')}, which is in turn equal to 
M' . Due to (14. lip and the fact that B G M' , this means that A is affiliated with M. 
(we denote this by A A^), as claimed. 

For the converse, we consider A i] JkA and g G X'kCVV'). We need to show that 
A is w-local in W. For any t G M, we have that expit(f){g)~ G A4', since we can 
write expit(j){g)~ = expi(j){tg)~ and we know that Ai' is generated by expi(j){g)~ with 
g G V^{W). The fact that A is affiliated with Ai implies that A commutes with 
exp it4>{g)~ , g G V^iVV'), in the following sense: 

y^, X G H'^'f Vt G M : (e-^*'^(^)"^/'. Ax) = {A*^, e'"^^^^~x)- (4-12) 

To pass from the Weyl operators back to the fields (which is needed for w-locality), we 
notice that since ip, x are analytic vectors for (^{g), we can think of these exp{it(f){g)~) 
as series expansion in terms of (p; in particular, we have that these functions are analytic 
in t and therefore both sides of (I4.12p are real analytic in t. We can then compute the 
derivatives at t = of both sides of (I4.12p and equal the corresponding derivatives; 
hence we find: 

V^, X G -H"'' Vt G M : {MiJ, Ax) = (A>, (Pig)x). (4.13) 
This implies that A is w-local in W by Lemma I4.5|(iv) This completes the proof of 



To prove (iii) , note that in the case S = —1, the operators 4'{g)^ are actually 
bounded operators, and generate the algebra Ai' |Lec05] . So, we do not need to 
consider Weyl operators. We can also restrict to g E V^iW') since this space is dense 
in V^iyV') which is dense in the space of test functions g G SiW') considered by 
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Lechner. The algebra Ai' generated by these operators smeared with test functions in 
Dj^(W") is dense in the corresponding algebra constructed by Lechner |Lec05j : hence it 
is the same algebra, since it is closed by definition. It is clear that for fields (j){g)l-f'^ C 
l-f^'^ C domA, and therefore that they transform T-L^'^ into domA. Using this instead 



of (14. 5p . we can follow a similar, but simpler, computation as for (ii) without reference 



to Weyl operators, but only to fields, and show that A r] Ai. □ 

Considering these results, our strategy in order to construct local operators will be 
first to show cj-locality, then to prove (independently) that A is closed or closable, and 
finally to apply Proposition 14.41 



4.3 Closable operators and summability 



In Prop. 14.41 (ii) we have some conditions for the affiliation of operators to local alge- 
bras, in particular one condition is that the operator is closable; but it is difficult to 
characterize closability of a quadratic form A in terms of the Araki expansion and to 
apply this condition directly to examples. Also, even if we can show that A is closable, 
we can not say much in general about its domain. 

For this reason we are aiming only to find a sufficient condition, and not a necessary 



one, for the closability of a quadratic form, which would let us to apply Prop. 14.4 

This condition is a summability condition on the norms of the Araki coefficients fmjn 
which would imply the absolute convergence of the sum in the Araki expansion on a 
certain domain. 

So, first we present a Proposition which gives a sufficient condition for the closability 
of A as an operator. 



Proposition 4.5. Let A E . Suppose that for each fixed n, 

771=0 

Then, A extends to a closed operator A" with core H'^'^ , and l-L^'^ C dom(y4~)*. 
Proof. Let k G Nq. Using Prop. 12.111 and the representation (13.751) . we compute 



oo 2m/2 

/ ^ / r ( ll/m,nllm,xn ~^ II /n,m II nxm ) ^ (^•-'-'^) 



oo _ 



m\n\ 

(4.15) 



oo 



-^^m\n\ (k-n)\ HWnmxn, 

m=0 n=0 



this means that if the infinite series on the r.h.s. in the above equation converges, then 
we can extend AQ^e"'^^^^^'^ to a bounded operator. So, we estimate k\/n\{k — n)\ < 2*^ 
and {k — n + m)\/{k — n)\m\ < 2^""+"^ using ' < 2^+'', and we obtain 



9-n/2 °° 9m/2 

||AQ,e--(^/-)|| <2'^+i5^±^5^^||/^;iC,„, (4.16) 

n=0 ^ m=0 * 



and this converges since we assumed (14.141) . Since k was arbitrary, this allows us to 
define A as an (unbounded) operator on 'H'^'^. We can use a similar argument with the 
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roles of m and n exchanged and with A* in place of A to show that also "H"^'^ C dom A*. 
Hence we have that both A and A* are densely defined in % (as is dense in "H); 
this implies by application of |RS72| Thm. VIII. 1] (see item (b) and the proof of the 
theorem) that A~ := A** is a closed extension of A with core H^'^ (by definition of 

A~), and {A')* = A*** = A*. □ 



We can also find a stricter summability condition so that also the extra condition 



in Prop. Hip) (USD is fulfilled. 



Proposition 4.6. Let A E . Suppose that 

^=||/illL><„ < oo. (4.17) 

m,n=0 

Then, A extends to a closed operator A~ with core W^^; one has W'^ C dom(A-)*; 
and the condition fl4.5p is fulfilled by A~ . 



Proof. Since the hypothesis of this Proposition is stronger than the one in Prop. 14. 6[ 
the first part of the statement above has been already proved in the proposition before; 
so it only remains to show that exp(z0((7)~)7/'^'^ C domA~. For this purpose it is 
useful the following lemma: 



Liemma 4.7. With (t){g) = z^{g+) + z{g~) and for g G V'^{M.'^), it follows from flCTjl 
that 



||e-™0(^)^e--™g,|| < ^^l±pL^^^ ^here c, := ||^+||^ + ||^-||^. (4.18) 
Proof. We prove Eq. fl4.18p using induction in j: 



where in the fourth inequality we made use of (12.481) and of (I4.18P with j replaced by 
J -I. □ 



Since "H^ consists of analytic vectors for 0((y'), we can write e^'^'^^^ as a (convergent) 
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exponential series; we then obtain ioi k > i and using fl4.18p . 

oo ^ 



j=k-e •> 



j=k-e •> 



p=0 



1 / (p + fc)! ^^^,. 
(p+fc-£)!V l\ ^ 



(v^<,,jV2c^ (4 20) 

with some constant > depending on g. (Notice that in the first inequahty we can 
replace 4>{g)~ with (t){g) since e*'^'-^-' is applied to finite particle number vectors.) 
Now let ip ent- Using the estimates fHlHD . fl4:2n|l and Pk < Qk, we have 

(^/r^ \k °° 9(m-n)/2 

where the series exists by the hypothesis fl4.17p . This expression is summable over 
k since is summable over k by quotient criteria. Since QkQ^p{i(l){g)~)^ is a 

vector in 'H'^'^ C dom A~ due to fl4.20p and in particular it is a finite particle number 
vector, we have that Xk '■= Qfc exp(z0(5f)~)'?/' e domA~; by fl4.2ip . the same is true for 
Axk- This implies that Xk and Axk are both Cauchy sequences in "H. Indeed, one has 
from fl4.20p that Qkew{i(p{g)~)'4' 6xp(i0((7)~)?/^ for A; — )■ oo, so this is a convergent 
sequence in T-L and therefore a Cauchy sequence. Similarly, due to fl4.2ip . we have: 

k oo 

< J2 \\^Pke'^^^^~^\\< P^fce^^^^^'^ll -^0, e^oo. (4.22) 
j=i+i j=i+i 

Hence, this is also a convergent sequence in "H and therefore a Cauchy sequence. 

This means that {xk, ^Xk) converges in graph norm in "H x "H, since both entries 
are Cauchy sequences. Since A is a closed operator, the limit point of that sequence in 
the graph is also in the graph; this implies that limx^ = exp{i(j){g)~)ilj is contained in 
the domain of A~ by definition of graph. Thus (14. 5 p holds. □ 



4.4 Examples of closable operators 

We present now some examples where we can apply the results before and obtain 
closable operators. 

The simplest example is where the Araki expansion of A is finite, namely where 
only a finite number of fm}n is different from zero. An example of such situation is 
when A is a polynomial in (^{g). In this case the conditions of Prop. 14.61 are fulfilled in 
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a trivial way. In general the requirement that A is local will force the Araki expansion 
to be infinite; however, an interesting example of a local operator with a finite Araki 
expansion can be found in Sec. 19.11 

We present an example of an operator with infinite Araki expansion: the "normal 
ordered exponential" of (p^g) given by 

7TL-\-7T, 

■.expc<P{g): ■= E ^^Ho^r^g-T, c e C, g e S{R'). (4.23) 
^-^ mini 

m,n>0 

Using (13.211) and (13.61) . its Araki coefficients are 

fm,n [:exp c0(^):] {6, rj) = 0"^+" Sym^^ Sym^^^ ^+(^1) ■ ■ ■ g+{em)g~{m) " " " 9~{Vn)- 

(4.24) 

By fl239|l (right inequality) and using ||^+iri|c/"ir < (||^+|| + ||^"||)™(||^+|| + H^^ID", 
they fulfil for any oj, 

\\fm,n [-.expcm] < |cr+"(||^7+||2 + || || 2)"^+", (4.25) 

This implies that (I4.23P is a well-defined element of by Prop. 13.71 Moreover, the 
summability condition (I4.17P is also fulfilled: 

\ ymlnl \ ymlnl 

m,n=0 m,n=U 

„im+n 

< E (4-26) 
n y/mlnl 

We would also be able to show using techniques as in Sec. E] that this quadratic form 
is cj-local in if suppt? C W^. Then, we can apply Proposition 14.61 and show that 
:expc0((y'): is a closable operator and moreover, by Proposition 14. 4[ that its closure is 
affihated with A{W). 

But our interest is actually in closable operators which are affiliated with the 
"strictly local" algebra A{0), where O are the double cones. We will investigate 
examples of these operators in Sec. |9l For the moment, we discuss some properties of 
the class of closable operators that we consider. 

In the example above, with the methods discussed before, we have shown that 
:exp c(f){g): is closable for any c G C. In the free case, where = 1, we know even 
more: if c is purely imaginary and g is real valued, the operator is actually bounded. 
However, this is not visible within our methods since the exponential series does not 
converge absolutely in operator norm. In nontrivial examples we will always need to 
compute estimates for ||/r)tn||mxn5 instead with the exact expressions fm}n, so that we 
do not have control on the convergence of the series for the fm}n itself, but we can only 
use summability conditions like fl4.14p or f l4.17p . 

We expect that whenever we have local observables in the theory which exist as 
Wightman fields or more in general as Jaffe fields |Jaf67] . they can be described by 
our class of closable operators. But our class is actually even more general: Indeed we 
do not require that our closable local operators A have a common invariant domain, 
namely that they fulfil the condition common to Wightman fields that V/ : (f){f)T> C 
V, where P C "H is dense and V C dom 0(/). This means that we do not know whether 
n-point functions of these operators would exist. On the other hand, they would still 
be meaningful local observables by showing that they are affiliated with local algebras 
of bounded operators. 
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The characterization theorem for 
local operators 

We will present in this chapter the conditions which characterize w-locality of a quadratic 
form A in a standard double cone Or of radius r and center at the origin. These condi- 
tions are formulated in different ways. They can be imposed on a quadratic form, and 
in this case we call them conditions (A); or they can be imposed on the Araki coeffi- 
cients as analytic functions of one variable, and we call them conditions (F'); they can 
also be imposed on the Araki coefficients as meromorphic functions of several variables, 
in that case we call them conditions (F). We will show in the next Chapters l6|71 and IHl 
that these conditions are equivalent. 

Note that the conditions (A), (F) and (F') depend on the indicatrix u and on the 
radius r of the double cone; but we will not indicate this explicitly. 

5.1 Formulate conditions (A) 

The condition of locality for an operator, or more in general, for a quadratic form 
A G is better formulated using the notion of w-locality given by Def. 14.21 So, we 
have the following definition of the condition (A): 

Definition 5.1. A G Q'^ fulfills condition (A) if it is u-local in Or- 

5.2 Formulate conditions (F') 

Now we expand the quadratic form A into the Araki series; we find that the condition 
of cu-locality can be expressed for the coefficients fm}n in terms of analytic continuations 
of these distributions along certain lines in M'^. To describe this continuation we need 
to introduce some notation, that can be found also in more details in Appendix O 

We call a graph ^ in a collection of nodes which are points on the lattice vrZ'^, 
connected by edges; the edges are lines parallel to the axis which connect nodes on the 
lattice that are next neighbors. Namely, an edge is given by A(s) = u + se^^\ where v 
and u + Tre^-'^ are nodes of Q, e^^'^ is a standard basis vector of M'^ and < s < tt. 

The tube over Q, which we denote T{Q), is the set of all <^ = + iX with G 
and A on an edge of Q. 

We call a CR distribution on T{Q) (where CR stands for "Cauchy-Riemann" ) a 
distribution on T{Q) which is analytic along the edges; namely, considering the edge 
A(s) given above, we have that F is analytic in Q in the specified domain, and it is still a 
distribution in the remaining (real) variables. We also require that the boundary values 
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Figure 5.1: The stair Qq 
before Def. [O 



glug'i. As for gl and see the corresponding definitions 



at the nodes, namely the values in the limits s \ and s it, exist as distributions, 
and that if several edges meet in a common node, then the corresponding distributional 
boundary values are the same. In this way, we can just speak of the distributional 
boundary value at a node, without specifying which is the direction of the limit. 

The first graph in R'^ that we will consider in our study is denoted with Q'^ and 
it is given as follows. It has the nodes A^'^'^'^ = (0, . . . , 0, TT . . . , vr), where there are j 
entries of tt with < j < k. Its edges are the lines parallel to the axis which connect 
the nodes A^'^'^'^ and A^'^'^'^^^ 

Another graph that we will consider is denoted with Q^. This graph is given by 
Q'^ shifted of —iir. Namely, it has the nodes A*-^'"-'^ = (— vr, . . . , — vr, 0, . . . , 0), where 
there are j entries of — tt, with < j < k, and the edges are lines parallel to the axis 
connecting next neighbors. 

We also consider the union of and that we denote with Qq, cf. Fig. 15.11 Since 
the graphs have the node A*-'^'^'' = in common, the graph Qq has 2k + 1 nodes and 
2k edges. 

Now that we have introduced our notation, we can formulate our locality condition 
in terms of CR distributions on T{Go) as follows: 

Definition 5.2. A collection F' = (F()^q of distributions on T{Qq) fulfills condition 
(F') if the following holds for any k, and with 6 &M.^ arbitrary: 

(FF) Analyticity: F'^ are CR distributions on T{Qq). 
(F2') Periodicity: + tX^'''-''^) = F^^O + i\^^'^~^). 

(F3') S-symmetry.- For any 1 < j < k, 

FkiOi, . . . , Oj, 6j+i, . . . ,6k) = S{6j+i 



(F4') Recursion relations: For any < m < k, 



, 9j+i, 9j, . . . ,9k 



[6 + ^;^(fc-2|c|,m-|c|)^|^ 



C6C„ 
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where 6 



.e, 



, , . . . , 6k, ^1 , • • • , , • • • , Or,^, , . . . ,0n 



"m+1 , • • • , ■ • ■ , " ■ ■ ■ , " " V, ■ ■ ■ , "T\^ • • • 1 "r^Q^, • • ■ , "m) 

(F5') Bounds at nodes: For any j G {0, . . . , k}, 



\(k-j)xj 



<oo, +^A(^'-^-)l 



Ijx(fc-j) 



< OO. 



(F6') Bounds at edges: For each fixed k there exists a c> such that for any X on an 
edge of G^, 



< C. 



Note that in (F6') the argument ibsinhCj hes in the upper half complex plane both 



on and and thus in the domain of zu. Likewise, the expression ±i/ir sinh(^j 

lies in the lower half complex plane both on and Q^, and therefore e^^'^^^j is 
a damping factor at large Re^j, and this damping factor is the stronger the larger r is. 



5.3 Formulate conditions (F) 

Now we will present the formulation of a locality condition in terms of meromorphic 
functions Fj. on C'^. Indeed, we will find that the Araki coefficients of a local operator 
can be extended as meromorphic functions to the entire multi- variables complex plane. 
The conditions will involve also the expressions of the residues of Fk and other prop- 
erties of these functions; some of the notations that we use for the residues in several 
complex variables can be found in Appendix [Bl 

For formulating these conditions we need again to introduce some notation. We 
denote with the graph which is defined as a "periodic extension" of Qq. Namely, 
it has the nodes A'-'^'-'-' with j G Z, and we set, as a recursive expression, for any j, 
XikJ+2k) ._ ^(kj) ^ 27r, where tt = (vr, . . . , vr). 

We introduce also for given k and < j < k the vectors 

u^''^^ = (1, 2, . . . , k-j, -J, . . . , -2, -1) G R'. (5.1) 

Now we formulate the locality condition in terms of properties of the functions Fk 
as follows: 

Definition 5.3. A collection F = (-Ffc)^Q of functions C'^ — )■ C fulfills conditions (F) 
if the following holds for any fixed k, and with C G C'^ arbitrary: 

(Fl) Analyticity: Fk is meromorphic on , and analytic where Im(^i < . . . < Im^fc < 
ImCi + TT. 

(F2) .S-symmetry: 

FkiCl, ■ ■ Cj, 0+1; ■ ■ ■ ,Ck) = S{Cj+l - Cj)Fk{Cl, • • • ; Cj+1; Cj, • • • ; Cfc)- 

(F3) S'-periodicity: 

k 

F,(C + 2z7re(^)) = (n5(0.-0))i^fc(C)- 

i=l 
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(F4) Recursion relations: The Ff, have first order poles at Cn ~ Cm = "^^r, where 1 < 
m < n < k, and 

^ n k 

Resc„_c„=..F,(o = n M {} - n^--p)^^-2(o- 

j=m p=l 

(F5) Bounds on nodes: For each j G {0, . . . , fc} and £ G we have 

(F6) Pointwise bounds: There exist c, c' > such that for all C, G T(ich^^).- 



1^^(01 <c 



Y\. exp (/ir I Im sinh Q \ + c'uj {cosh. Re Q)) 
dist(Im ^, c^ich 



We notice that the conditions (F) are "translation invariant" by iTr; this means that 
if we have a family of functions F^ which fulfill these conditions, then also Fk[- + iir) 
fulfill them as well (see Sec. 18.71 for details). 

5.4 Formulate the theorem 

Now the following theorem states that these conditions are equivalent: 

Theorem 5.4. Let r > and an analytic indicatrix u be fixed. 

(i) If A G fulfills (A), then there is a unique set of functions F'^ fulfilling (F') 
such that 

fl;^l{e,ij) = F:,^^{0,ri + z7z), /i^f ^](0,r7) = F;^„(0-^7r,r7). (5.2) 

(a) If F'f^ fulfill (F'), then there are unique functions Fk fulfilling (F), such that for 
0<j<kandie {0,k}, 

Fi {e + a(^'^-')) = (6> + a(^'^-^) + ^oi^^'^'^)) . (5.3) 

(Hi) If Fk fulfill (F), then the following quadratic form A fulfills (A): 

A:=y^ / p-^F„+„(0 + zO,r7 + z7r-zO)zt™(0)z«(r7). (5.4) 

^-^ J m\n\ 

m,n=0 

We will prove separately the three parts of the theorem in the following three 
Chapters [61171 and [81 
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(A) ^ (F') 



In this chapter we want to show that if we have a quadratic form A which is locahzed 
in the standard double cone, then its Araki coefficients fm}n are boundary values of 
a common CR distributions on a graph, which fulfil specific symmetry conditions, 
recursion relations and bounds. 

So, our task is to prove the following theorem: 

Theorem 6.1. For any A G Q'^ fulfilling (A), there are functions Fj^ fulfilling (F') 
such that for any A; G No and < j < k, 

F',{e + = £1.^.(0), Fi{e + a(^'-^+^)) = (e.i) 

(These two equations are a rewritten form of equations (15. 2p in the previous chap- 
ter.) 

6.1 Define function on positive simplex 

A first step in the proof of this theorem is to consider the case where the quadratic form 
A is w-local in a wedge, and study the properties of analyticity of its Araki coefficients 

f[A] 

Jm,n- 

We prove the following lemma which is very similar to [LecOSl Lemma 4.1], but it 
is more general in our case because it is formulated for the quadratic form A G and 
to the class of vectors in l-L^ . 

Lemma 6.2. Let A e he u-local in W, and %l) G P^W , X ^ -Pna"^"^- There exists 
an analytic function K : S(0,7r) C whose boundary values satisfy, G R, 

K{e) = (^, [^t(^), A]x), K{e + zvr) = {^j, [A, z{e)]x) (6.2) 

in the sense of distributions. Moreover, there holds the bound 

( I (i^|ir(^ + ^A)p)'^'<c„,„,||^||-||x||^||A||-^^.„,+l, < A < vr. (6.3) 

with Cn^^ui ■= 2(A/ni + 1 + a/^T+T). 

Proof. The proof of this Lemma mainly follows the proof of jLec08[ Lemma 4.1]. But 
here we are going to repeat the argument again. 

We considers the time zero fields (/?, tt of |Lec08t Eq. (3.18)], and the corresponding 
expectation values, / G iSk(R^), 

k4f) := (V^, [¥.(/), A]x), k^f) := (^,[7r(/),/l]x). (6.4) 
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Since A is local - in the sense of Lemma I4.t^(iv) - in the standard right wedge and 
is localized in the standard left wedge, we have that these k± are Schwartz distributions 
with support in the right half-line. Then, we apply the classical Paley- Wiener result 
for tempered distributions |RS75l Thm. IX. 16], which implies that the Fourier-Laplace 
transforms k± of k± are analytic functions on the lower half plane, bounded by a 
polynomial in p at infinity and by an inverse power of Imp near the real line. 
We choose as our function K the following combination of k±: 

:= ^(^/iCOsh(C) L(-/isinhC) - sinh C)) . (6.5) 

Noticing that the strip S(0,7r) is mapped by (— sinh) to the lower half plane, this K 
works out to have the proposed analyticity property; and also one can show that it has 
the proposed boundary values. Indeed, using the relation between z, and ip, vr: 

= ^(^(/)-m(u;-V)) (6.6) 

<n = \{v{n+^'n{^-'f-)\ (6.7) 
where uj = /i cosh 6* and /_(x) := /(— x), we compute: 

[z{n,A]x) = \{kM-) + ^k^i^-'f-)) 

= ^J d9 (^fxcosh{-e) L(-/isinh(-^)) +zA;+(-/isinh(-^)))/+(^). 

(6.8) 

Similarly, we obtain: 

{tP,[z^{f^),A]x) = de(^ficosh9 k_{-fi sinh 9) -ik+{-fismh 9)^ f+ (9). (6.9) 

So, K has boundary values which are defined as distributions and formally we can 
write: 

Ki9) = {i;,[z\9),A]x). (6.10) 

and since k±{—fismh.{9 + in)) = k±{fi sinh 9) and cosh(^^ + in) = — cosh 6*, we have 

Ki9 + tn) = {^,[A,zi9)]x). (6.11) 

Regarding the proposed bounds for K, Eq. (16. 3p . we first compute a bound for the 
boundary values of K given by Eq. (16.21) . We compute, / G I^(M), 



d9K{9 + in)f{9) 



= |(^, [A,z{f)]x)\ 

< \ {^,z{f)Ax)\ + \{^,Az{f)x)\ 

= |(^,z(/)Q„,+iAe--W^)e-W^)g„,x)l 
+ |(V^,Q„,e-(^/^)e--(^/'^MQ„,_i;.(/)x)| 

< 1^^(7)^11 IIQn.+iAe-^Q^JIIIe-^xll ^^'^^^ 
+ l|e-(^/'^VllllQn,e--(^/'^)AQ„,.i||||^(/)x|| 

<2v/^^||/||||^||2||A||-^^„^^i||x||^ 
+ 2y^||^||-||A||-^„J|/||||x||2 
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where we used that \\QkAe~'^^^/^''^Qk\\ < 2||A||^ for any A; G No and |Lec06l Lemma 
4.L3]. 

Similarly, we find, 

I W)| <2(v/^+ 7^^)11/11 (6.13) 

As a consequence of Riesz' Lemma, we have that the boundary values of K are LF'- 
functions with norms 

ll^lh < Cn,,nMnAmXnM\M\t,+n,+l- (6-14) 

where c„i,„2 := 2{y/ni + 1 + ^"-2 + !)• 

To prove Eq. (16. Sp . we consider the function (16. 5 p shifted by exp(— iyus sinh C): 
K^')[C) := e-*''"'^'°^^fs:(C), s > 0. We consider its absolute value: 

\K^^\e)\ = ^e-'^''^'^^"°'^Vcosh(^ + iA)L(-/isinh(^ + iA)) -iA;+(-/isinh(e + zA))|. 

(6.15) 

Since 6* — )■ A;_(— yUsinh(6'+2A)) and k+{—fismh{6+i\)) are bounded by polynomials 
in cosh^ for \6\ — t- oo and for every fixed A G (0, vr) (see remark after Eq. (I6.4p ). we 
have, due to the damping factor e~*^'*'^^'^'^'>, that K^'' G L^(R) for every A G [0,7r], 
s > 0. So, we can apply the three lines theorem, and by the estimates of the boundary 
values of K given by (16.141) . we get 

lli^l^^lh < c„„„J|^||^||xrPr,+„,+i, < A < TT. (6.16) 

Since (I6.15P increases monotonically for s — )■ 0, then this bound holds in particular for 
s = 0,Kx = K^^\ < A < TT. 

This concludes the proof of Lemma 16.21 □ 

Using the Lemma above we can study analytic continuations of the functions fm}n', 
this is again very similar to [LecOSt Lemma 4.3]. Note that in |Lec08t Lemma 4.3] 
Lechner proved the analogous result for A localized in the right wedge; in our case we 
consider A in the left wedge: This is consistent with the relation fm}n = {J^*J)m+nni- 

Lemma 6.3. Let A e he oj -local in W. Then, 

1- fm}n has an analytic continuation in the variable 6m to the strip S(0,7r), m > 1. 
Its distributional boundary value at Im 9^. = is given by 

/iralLl^l) • • • , 6'.m + «Vr, . . . , 9m+n) = f!n-l,n+l{^i^ . . . , 6'^, • • • , dm+n)- (6.17) 

2. There exists a constant Cm+n such that the distribution fm}n fulfils the following 
bound, gi, . . . , gm+n £ T^i^), < A < vr.- 

/m+n 
fm}n{^l-: Om + «A, ftm+l, . . . , 9m+n) Y\_ 9ji 

3=1 

m+n 

<Cm+n\\Arm+nll\\9j\\t < A < TT. (6.18) 
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The idea for the proof of the above lemma is to rewrite the definition of fm}n, or 
(Jy4* J)™^J_„ „ in the notation of |Lec08j . in terms of a sum of matrix elements of com- 
mutators J A* J], as in |Lec08[ Lemma 4.2]. Then one can apply Lemma [6.21 and 
find the analytic continuation of the Araki coefficients. More details on this technique 
can be found in |Lec08[ Sec. 4]. 

To prove Lemma 16. 3[ we therefore first need the result of Lechner |Lec08t Lemma 
4.2] which we rewrite here using our notation. This result is proved by using the 
exchange relations of the Zamolodchikov-Faddeev algebra. 

Lemma 6.4. Let Cm,n C C^.n denote the subset of those contractions C G Cm,n which 
do not contract m, i.e. fulfil m ^ ic. Then 

/il = (-l)l^l5c-4'"^-(Jrc,[JAV,4] J£cU{m}), (6.19) 

m.n 

/i\n-i-i = J2 (-^y^^^o-S^r'^-{Jrc,[zm,JA*J]jec^{m}). (6.20) 



c&c, 



Note that here and for the rest of this section we will write explicitly the upper 
index (m) on the factor Sc (see Def. f l3.9p ) for a matter of convenience. 

Proof. We rewrite in our notation the proof in |Lec08l Appendix A] . 

We denote with Cm,n the contractions C G Cm,n which do not contract m, namely 
m ^ Jic and with Cm,n the contractions with m G J£c- We notice that Cm,n = 
C iiC 



We consider a contraction C G Cm,m which can be written as the union of a 
contraction C G Cm,n and a contraction {(m,r)} with r ^ Jrc- Namely, C = C U 
{(m,r)} and we have \C\ = \C'\ — 1. Then, recalling the definitions (13. 8p and (13. 9p . we 
have in this case: 

5c' = Sm,r ■ 5c, (6.21) 

C rj-l r-l 
q{m) _ TT TT q{m) TT r-(m) TT q(rn) TT c{m) TT oim) 
C' ~ 11 11 '^mj,lj ' 11 '-'lj,ri ' 11 ^p,m ' H ^m/r^ ' H ^«j,r 
j=lmj=lj + l ^i<'^j p=m+l ri<r r<rj 

li<lj li<m m<lj 

r-l 

~ ^'^ ' 1 1 ^m,p ' y Sj-^^m-, (6.22) 
p=m+l Ti<r 

since /i, . . . , l\c\ < tt^- By multiplying the two last products of S'-factors in the formula 
above, we get: 

r-l 

Sc' ■ Sj^^ = 6c ■ ■ 6m,r ■ Y\. ^rn,p- (6.23) 

p=m+l 
p^ri for ri<r 

Now we consider the matrix element {Jrc, J A* J J£c)- Using the Zamolodchikov's 
algebra (I2.47P repeatedly, we find 

{JfC, J A J Jic) = (^m+l • • • ^ri-m ■ ■ ■ ^r^c\-m ■ ■ ■ ^m+n^5 'J^m • • • ' ' • ^\c\ ' ' ' ^1^) 

= {Jrc,[JA*J,zl]JicU{m}) 

m+n r-l 

+ Yl '^-.^ n S^,p-{JrcU{r},JA*J jecl^im}). (6.24) 



■r=m+l p=m+l 
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We multiply Eq. (^M> with (-l)!^!^^^^"^ and we sum over C G C„,„. Since C = 
CU {(m, r)}, we have Ec'6C„,„ = J2T=Z+i,r^jrc ^C6C„,„- The delta distributions and 
the S'-factors in f l6.24p are equal to the ones in (I6.23p . Hence, we have: 

J2 (-l)l^l5c4'"V^c, [JA*J,zl] Jic U {m}) 

- i-^y'''^Sc'S^j:\jrc',JA*J Jic). (6.25) 



cec„ 



c'ec 



m.n 



where we used that (— l)'*"'' = — (— l)'*^'. Since Cm,n = Cm,n^Cm,n, we finally find 
J2 {-iy''^6cS^J'\jrc, [JA*J, zl] Jic U {m}) 

= J2 {-iy^^ScS^^\jrc,JA*J Jic). (6.26) 

The right hand side of the formula above is by definition fm}n. Hence, we proved fl6.19p . 
The proof of (16.201) is analogous. □ 

Now, we can prove Lemma [6.31 following closely the proof of |Lec08| Lemma 4.3]. 
Proof. 1. We consider the distributions fm}n (I3.2ip rewritten in the following way: 

fl^niO.V)--= J2 (-^)^^^^c-S^^^-{Jrc,JA*Jic). (6.27) 

Using fl6.19p . we rewrite fm}n as: 

flnU^,V) = E (-1)""^^: ■ 5jr^ ■ {Jrc, [JA*J,zl] Jic U {m}). (6.28) 

In fl6.27p we have that S"^^ fl3.9p has an analytic continuation in the variable 9m 
to the strip S(0,7r) with boundary value Slj^~^^ at M + in. Indeed, the factors 
Sin^}^ = Sm,Tj in 5"^'* can be analytically continued in 6^, to the strip S(0, tt) with 
boundary value S{9m + in — 9rj) = S{6r^ — 9m) = S^"''~^\9m — 9r^) since the 
scattering function S is analytic in S(0, vr) and fulfils crossing-symmetry relation. 

The other factors sin^]rj, with mj ^ m, do not depend on 9m (in particular /j, rj ^ 

m) since m is not contracted in C e Cm,n and therefore they fulfil S'^^ = Sj^~^^ 
(a, b m). 

We have that the delta distribution 6c does not depend on the variable 9m since 
m is not contracted in C. 

We know from Lemma lOl that {Jrc, [JA*J, z\^ J£c;U{m}), integrated in 6'j, j ^ 
m, with test functions in T>{M.), can be analytically continued in 9m to the strip 
S(0,7r). Also, due to Lemma |62] its boundary value at lm.(m = iT^ is given by 
{Jrc,[zm,JA*J]JicVJ{m}). 
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From the considerations above we can conclude that fmli can be analytically 
continued in the variable 6^ to the strip S(0,7r) with distributional boundary 
value at the other side of the strip Im (^n = "i^r given by: 

£l(^i,...,^m+^vr,...,e„+„) = i-'^f^ScS^c^~'\jrc,[zm,JA*J]jecU{m}). 

(6.29) 

Using fl6.20p the right hand side of (16.291) is exactly /^I^ 
2. Using fl6.19p . we rewrite the left hand side of (I6.18P as follows: 

/m+n 
fmlii^^l^ • • • 5 dm + ^A, 61^+1, • • ■ , Om+n) Y\_ dji^j) d9_ 

J2 {-ir^Sc{e)s^-\6)x 



cec„ 



m+n 



X (Jrc, [JA*J, z\e^ + i\)]Mc U {m}) JJ (?,(%) d% . (6.30) 
where rc{e) = z\B^^^) . . . z't(^) . . . zt(^) . . . z\Q^^^)^. 



We denote Br := {Qrx-, ■ ■ ■ ■,Qt\c\)i ^ ffi'*"'. Following Lechner, we split 5cS^ 



(m) 
C 

into the product of three factors: 6cS^^ = ScS^S^ S§, where Sq depends on 
{9i, . . . ,9m-i}\{0i^, . . . ,6'«|c|} and^r, where S"^ depends on {61^+1, . . . ,6'm+n}, and 
where Sq = fl^'i Sm,ij depends on 6^- We also define, gi, . . . , Qm+n 



^ S^-{grr,-i® ...^gll® ---^gi^^® ■■■®gi). (6.31) 

^Or ■- ■ {9m+l® ■ ■ -^Ihi® ■ ■ -^9^^® ■ ■ 9ni+n)- (6.32) 

Fq^ and are functions of m — 1 — |C| variables, {6*1, . . . , 0m-i}\{6h^ ■ ■ ■ , ^«|ci }; 
and of n — \C\ variables, {6*^+1, • • • , (^m+n}\{0ri, ■ ■ ■ , ^r^c\}y respectively, and they 
depend parametrically on Or- Since 1 5(^^)1 = 1 for 6* G M, they have norms: 

m—l 



rpL jlo; 
Or 1 1 2 



rTii?||t»; 
0rll2 



< 



< 



n 11^^-11 



2 5 



m+n 



n 11^^-11 



2 5 



(6.33) 



(6.34) 



j=m+l 



where we made use of the sublinearity of u, see {u2) 



After integrating over the delta distributions in fl6.3UI) . we find 

I r 

l.h.S.(l63QD < I (-l)""' j d^''^GrX{gi,{er^)gr,{er,)^ 

C&C 



X 



de^gUOm)l[S{em-er,+tX){Jrc,[JA*J,z\em+iX)]JicU{m}){Fl®Fl 
i=i 



(6.35) 
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We move the absolute value inside the integral in 0^ and we apply the Cauchy- 
Schwarz inequality with respect to the variable 6'^, we find: 



i.h.s.f iQoj) < j2 ^'^'^^ r 

r:ar i=l 



gi,{0r,)gr,{0r^)\y< 



X 



\c\ 



d^rngUOrn)l[S{ern-er,+^X){Jrc,[JA*J,^\0rn+^X)]JiclJ{rn}){Fl^F^ 

r 

< J2 J d^''^Grll\9l,{0r^)gr,{er^)\y< 

X \\grnh-[ j de^\{JrcAJA*J.z\e^ + i\)]Jlc^{m}){Fl®F^ 



1/2 

(6.36) 



where we used that \S{Q\ < 1, C ^ S'(0,7r). Putting (16.31) . we find 

\c\ 



i.h.s.f iQoj) < j2 j ^'^'^^ r 



gi,{Or,)gr,iOr^)\y< 



X \\g.^hCrn-l-\Cln-\C\Vi^-^-\C\)Win-\C\)\\\JA*J^^^^^ 



'2\C\ W-^Or Il2 11-^0^ Il2 



< J2 I d^''^Grl[\gi,{er.)9rM.)\X 
X \\grahCrn-l-\C\,n-\C\^J{m " 1 " \C\)W {u - |C|)!P||-+„ J] H^^'^H^ H 



m—1 



m+n 



j=l j=m+l 



(6.37) 

Now, we can apply the Cauchy-Schwarz inequality with respect to the variable 
B^, we find 



c 



Lh.S.(E30D < nil^'J2||(7r,||2X 



m—1 



m+n 



X \\gmhcm-i-ic\,n-ic\Vim " 1 " \C\)Win - |C|)!p||-+„ n 11^^-112 n 11^^-11 



j=l j=m+l 



(6.38) 



As for the constants depending on m, n in the expression above, we compute: 

cm-i-\cvn-\c\ ^{m-\-\C\)\^{n-\C\)\ < ^^^ZT^' ■ (6-39) 



Inserting in (16. 38 p . the dependence on C of this equation is only in the term 
1/|C|!, hence we can compute 



^ C! 



2' 



m+«— 1 



(6.40) 



Cec„ 
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see also |Lec08t page 20]. 
Finally, we arrive at 

m+n 

Ih.s.mn^ < v/(;;^T^2-+"+i -Q (6.41) 

i=i 

This concludes the proof of Lemma 16.31 

□ 

Using the results above, now we can define on the "positive simplex" T{GX)i 
cf. Fig. 15. H as follows. 

Proposition 6.5. If A G is u-local in the wedge W^, then there are CR distributions 
Fl on T{gX) such that 

Fl{e + ^A^'^'^)) = < J < fc. (6.42) 

Proof. First we consider the case where r = 0. By Lemma [6.31 we have that f]f^j j can 
be analytically continued to the edge Im^ = A^'^'-^^ + Ae*^'^"-'^ < A < tt; we define F^. 
on that edge as the analytic continuation of /^Ij-j due to that Lemma. The boundary 
values of are 06.42 p . independent of the direction, due to Eq. f l6.17p . 

Now we consider the case where r 7^ 0. We consider the translated A, B := 
U{—re^^^)AU{—re^^^)*, so that the resulting quadratic form is w-local in the standard 

wedge W. Hence, we can apply the result before for r = and conclude that fl._jj 

has an analytic function -F^''^^ on T{GX) whose boundary values are fi^jj- 
We set 

n^^\C) ■■= i^fcf'^kC) exp (z^rE, sinhO). (6.43) 

One can see that this function has the proposed analyticity property and, using the 
relation between fl^jj and fl^jj given by Eq. fl3.78p and the boundary values of B, 
one can also see that it has the proposed boundary values at the nodes. □ 



6.2 Define function on negative simplex 

Now, if an operator, or rather a quadratic form, A is localized in a double cone Or, then 
it is in particular localized in the wedge W^. Also, since A is localized in the double 
cone, J A* J is localized in the same wedge. Hence, we can apply Prop. 16.51 both to A 
and to J A* J. This implies an extension of the domain of analyticity of the functions 
F'f, discussed in Prop. l6.5l to T{Qq), cf. Fig. 15.11 

In the following proposition we define the functions for an operator localized in 
a double cone Or- 

Proposition 6.6. // A is u-local in Or, then there exist CR distributions F^. which 



fulfil (FF) and (F2'), and have the boundary values (16.1 



Proof. Since A is w-local in a double cone Or, then A is, in particular, localized in 
the wedge W^. Therefore, we can apply Prop. 16.51 and define a family of functions F^ 
analytic on the tube T{QX), the boundary of which are the required boundary values 
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Since A is w-local in the double cone, then J A* J is w-local in the same wedge W^. 
Therefore, by Prop. 1^31 there is another set of functions F^[JA*J] analytic on the same 
domain T{G^). 

We use this to define on T{Q'l — tt), cf. Fig. 15. 1[ by 

F^(C-.7r):=F^[-^^*^](C). (6.44) 
This has the required boundary values 



(6.45) 



To show that the functions are actually analytic on T{Qq), it remains to show 
that the two boundary values (coming from Q'^ and Q^) of F^. at A*-'^'^^ agree. By 
Eq. fl6.42p . we know that for real 6, 



Likewise, by Eq. (16.451) . we have 

f^(6i + za(^'°); 



(6.46) 



(6.47) 



However, a short computation shows that these are equal: 

fiflid) = i^Hdi) ■ ■ ■ zHdk)n, An) = {n, jA*jz\ek) . . . z\e,)n) = f!ff'\o). (6.48) 

This proves (Fl') , Similarly, we can show that also the boundary values Fl[6+i\^^'~'^'^) 
and Fl{6 + agree, and this gives the periodicity condition (F2'), □ 



6.3 Cross-norm bounds 



To prove the bounds (F5') and (F6') , we use the maximum modulus principle] this is 
contained in the proof of the following proposition: 



Proposition 6.7. If A is u-local in Or, then the distributions F^ fulfil the hounds (F5') 
and (F6') with this parameter r. 



Proof. We notice that on the nodes of the graph we have, by Eq. (16. ip and as a 



consequence of Prop. 13.31 



\{k-j)xj 



k-j,j''{k-j)xj 



< OO 



(6.49) 



for any < j < k. 

Also on the nodes of the graph Q'^, X^^'^-'\ there holds a similar inequality, for any 

0<J<k, 

(6.50) 



l^ki' ''^)lljx(fc-i) — lljx(fc-i) 



< OO. 



due to Eq. fl6.1l) and Prop. 13. 3[ This proves (F5') 
Now we consider the distribution 



FkiC) ■■= i^fc(C) exp{-ifir^. sinhCj) exp(- ^ . ti7(sinhCi)). 



(6.51) 



This is a CR distribution on T(^+), since is a CR distribution on T{Q\) by Prop. 16161 
and because the exponential functions are entire analytic. 
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On the nodes of the graph we have that the first exponential gives a factorizing 
phase factor, and the second exponential fulfils the estimate 

|g-ro(sinhCj)| ^ g-w(cosh6»j)gW(l)^ (6.52) 



where we used (w5), and the relations sinh^^ = cosh^ — (which implies | sinh^^| > 
cosh 6* — 1) and u;(cosh6') < u;(cosh 6* — 1) +u;(l) (which implies that (X'(cosh 6^) — u;(l) < 
a;(cosh^^ — I) < uj{\ sinh^|)), together with the sublinearity and monotonicity of u. 
Therefore, from (16.491) and (12.691) (left inequality), Fk fulfils the bound: 

\m- +a(^'^'))||x = m- +a('='^-))exp(-^.J7(sinhO))exp(-^/ir^sinhO)l|x 

j j 

< e^^-i'^W||F^( ■ + a^'^'^')) exp(- ^ ro(cosh%)) exp(-i/ir ^ sinh 0)|| x 

j j 

< e'-^^'^m- +a(^'^))exp(-^/ir5^sinhO)||r,_,)x, 

j 

= e'=-'^^^^ll/ilkj(.-,)x,<oo. (6.53) 
Moreover, by (I6.43P we have for Im^ on an edge of Q'^: 



^^[C7( reri)AU{ reO) 1 exp(z/irX;j smh (j) exp(-i/irX;j sluh (j) exp(- ^^(sinh (j)) 



Now we compute a bound for {Fk * {gi^ . . .® gk)){t + zA), with gi, . . . ,gk G V{R) and 
A on an edge of Q'^ in the direction e^^\ By Lemma [6.31 we have 

\{Fk*{gi(» ...®gk)){t + iX)\ = 
I d^Ff (-^^'^')^^(-^^'^^)*](0 + zA)e-^.-(^'"^(''^+^^^))^i(ti - e,) . ..guitk - 6^) = 

J • • • ' ^^-1' ^^■+^^^' • • • ' 4)e-^*"(^'°^('^+'"*»^7i(ti-^i) . . . gkih-Ok) 

k 

<c4A\\tl[\\^-^''''^'''--^'''^^9i{U- -m- (6.55) 
i=i 

Using 06.521) . we find that 



< e-«||^7,||2. (6.56) 

Inserting in (16.551) . we arrive at 

k 



\{Fk * (^1 ® . . . ® gtW + tX)\ < c[\\A\\t HWgeh. (6.57) 



where ci := e^^^^Ct- 



-k 
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This shows that the convoluted function {Fk * {gi ^ ■ ■ ■ ^ 9k)){t + iX) is bounded in 
t and therefore we can apply the maximum modulus principle for the norm || ■ ||x (see 
Lemma [C.2p . we find 



sup||Ffc(- 

A 



< 



sup I 

0<j<k 



+ i 



< oo. 



(6.58) 



Similarly, we can apply the arguments above to the function Fj. on T{QX — itt), with 
J A* J in the place of A; the only differences with respect to the result above is a shift 
of C by ITT due to (16.441) . and hence a resulting minus sign in the exponent in f l6.5ip . 
Namely, the argument applies in a similar way to the distribution: 



.[JA*J], 



(C) := F'f!'^^ "^'(C) exp(i/ir^ . sinhCj) exp(- ^ . w{- sinhCj)). 



This gives the bounds (F6') 



(6.59) 
□ 



6.4 Recursion relations 



It remains to show the property of S-symmetry (F3') and the recursion relations (F4') 



The proof of this is a direct consequence of the properties of the Araki coefficients, as 
we can see in the proof of the following proposition. 

Proposition 6.8. For fixed A G , any set of distributions F^ with boundary values 



(1^ fulfils (F3') and (F4') 



Proof. By (16.11) . the property of S-symmetry (F3') of the functions F^ is a direct conse- 
quence of the property of S-symmetry of the distributions fl^^, discussed in Prop. 13.41 



To prove (F4'), we use Prop. 13.111 and we insert there fm}n as the boundary value 
m,77)= (-l)l^l5c5ci?c(^,^)i^;+„-2|c|(^>^ + ^^)- (6.60) 



of -F4+„ given by (16.11) . We find 



This is exactly (F4' 



□ 



The proof of Theorem 16.11 is a consequence of Propositions 16.51 16. 6^ 16.71 and 16.81 
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Chapter 7 

(F') ^ (F) 



In the following Chapter we show that we can extend the CR distributions to 
meromorphic functions Fk which fulfil the properties (F). More precisely, we want to 
prove the following Theorem: 

Theorem 7.1. // F'-^ are distributions fulfilling (F'), then there exist functions Fk 
fulfilling (F) such that their distributional boundary values are 

F„+„(6» -t7T + iO,'n- iO) = F4+„(6» -in,rt), 
where 6 eW^, rjeW. 



7.1 Continuation along graphs 

We consider a family of CR distributions on T{Qq) which fulfils the conditions (F'). 
Using the symmetry relations in conditions (F'), we want to extend the functions 
to certain larger graphs. 



7.1.1 Continue to one stair 

The first graph that we consider is := + SttZ. This graph has the edges and 
the nodes of Qq translated simultaneously in all coordinates by integer multiples of 2tt, 
cf. Fig. [m 

We continue to T{Gi) by defining for n G Z and C ^ T{Gq), 

F^(C + 2m7r):=F^(C). (7.2) 



This is indeed a CR distribution on the graph, since we can show, using (F2'), that 
the boundary values Ffc(6> + ^^'='^+2"^) + iOe^^^) and Fk{e + iX^^'^+^^^) - iQe^^)) agree 
for all n & Z at real 0. 

This can be see from the following direct computation: 

Ffc(6l + a('^''^+2"'^) + z0e('^)) = Ffe(6> + +iOe('=) -2zn'7r) (7.3) 

= Fkie + iX^'''-''^ + tOe^''^) 

= Ffe(0 + a(^''=) -zOe«) 

= Ffc(6> + a('=''=+='"'^) -zOeW), 

where in the first and in the last equality we made use of the definition (17. 2p . where 
in the second equality we put n' = n + 1 since (^^e^'^+^i-^) _|_ ^Qe*^^^ — 2m' tt) must be a 
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fc = 2 



TT 



— IT 







TT 



— TT 



Figure 7.1: The stair Qf, which arises from Qq by 2tt periodic continuation. 



point in the graph Q^, and where in the third equahty we made use of the condition 



We notice that the graphs Qq and can also be written in the following way: 



We will use the notation {edges : C(A)} to indicate the graph given by all the next- 
neighbour edges on the lattice nZ^ such that the condition C(A) is true for all A on 
the edge; the nodes of the graph are the endpoints of these edges. 

We can prove the equality in f l7.4p as follows: Clearly Qq is a subset of ( 17. 4p . 
Since any edge in the set fl7.4p fulfils Am G [In, {I + I)?!"], with I = —1,0, then it 
is either an edge in = {edges 1 < Ai < ... < Am < ... < Aa,. < vr} or in 
g'l = {edges I - TT < Ai < . . . < Am < . . . < Afc < 0}. Since = U Q'l, it is then 
an edge of Qq. 

We can prove the equality in (17. 5p as follows: Since any edge in Qq fulfils the 
condition — tt < Ai < A2 < . . . < A^ < Ai + tt < 27r, using the definition of Qi we have 
that a generic edge in is determined by the condition — tt + 2mT < Ai < . . . < A^ < 
Ai + 7r < 27r + 2n7i for some n G Z. Since n was arbitrary, this is equivalent to the 
condition that Ai < . . . < A^. < Ai + tt. 

7.1.2 Continue to all stairs 

The next graph that we consider is for < m < A; — 1 the graph ^1 ^ ^1 + A*-'^'"'"^ = 
Qi + (— vr, . . . , — TT, 0, . . . , 0), with m entries of — tt, cf. Fig. 17.21 and Fig. 17. 3j notice that 



(F2') 



= {edges : -vr < Ai < . . . < Afc < Ai + TT < 2tt}, 
g\ = {edges : Ai < . . . < Afc < Ai + tt}. 



(7.4) 
(7.5) 




' We define on Tig^J by 



F^(C) := Ffc(Cn^+i, • • • , a, Ci + 2«vr, . . . , + 2m), 



(7.6) 
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Figure 7.2: The stairs ^i^, 
in Ai direction. 



where the stair Ql^ arises from the stair QIq by shifting by — vr 
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withCGr(^tj. 

We note that this definition is consistent with the domain l~{Gi) of definition of 
Fk in the following sense: We can show that for G T{Gi^), the argument C '■= 
{Cm+i, ■ ■ ■ 5 Cfe! Ci + 2ivr, . . . ,(m + 2i7r) of the function on the r.h.s. is in T{Qi). 

Indeed, consider a point C, G T(^i C = C + ^("^r, . . . , — vr, 0, . . . , 0), with ^ G 

m 

We have C = (Cm+i, . . • , 4, Ci + 227r - ivr, . . . , + 2i7r - m) = (Cm+i, . . . , 4, Ci + 
ivr, ...,Cm + (vr). 

Since Im^ G = {edges | Im^i < . . . < Im^^ < Im^i + vr} (see Eq. (17. Sp ). we 
have that the following sets of inequalities hold: Im^^+i < ... < Im(^fc, lm(i + n < 
. . . < Im + vr, Im < Im (^1 + vr and Im + ti" < Cm+i + since Im < Im Cm+i- 

Hence, C is a point in T(^f). 

Definition (17.61) yields Fj. as a distribution on the tube over the graph 

G2-= U ^^i'n^ = {edges :Ai<...<Afe<Ai + 27r}. (7.7) 

0<m<fc-l 

To prove the second equality in (17. 7p . consider a generic edge in the set {edges : Ai < 
A2 < ••• < Afc < Ai + 27r}: 

A = {0, ... ,0, p, IT, ... ,71, 2-K, . . . , 2n) + mz, n G Z, p G [0, vr] , (7.8) 



or 



A = (0, . . . , 0, vr, . . . , TT, p, 2t[, . . . , 2tx) + utt, n E Z, p = [n, 2it]. (7.9) 



In the case of (17. 8p . we compute 

A+ (vr,. . . ,7r,0^_^^^ = (n, . . . ,n, p + n,2n, . . . ,27r) + mz e Ql (7.10) 

j 

We find A G gli,_j (because A G + (-tt, . . . , -vr, 0^_^^^). 

In the case of (17. 9p . we compute 

A + (tv^^^, 0, . . . , 0) = (vr, . . .,7r,p,27r,. . .,27r) + n7r G ^f. (7.11) 

i 

We find A G (because A G + ( -tt, . . . , -tt , 0, . . . , 0)). 

j 

This concludes the proof of the second equality in (17.70 . 



7.1.3 Difference of boundary values 

It is important to note that are CR distributions on all T{Qi^), but they are not 
CR distributions on T(^|). In other words, we have that on the nodes that two graphs 
Q\rn ^'^d Qi^i {m > m') have in common, the boundary values of F'^ from different 
edges do not need to agree. We can show that these common nodes are given by 

m-m' 

l,'^^^,ir^) +iTT, ieZ. (7.12) 

V ' 
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Indeed, let C be a point in and Q^,, with m' < m and let A := Im^. 

Since A G Q^^, we have A + (vr, . . . , vr, 0, . . . , 0) G , namely (Ai + vr, . . . , + 

m 

TT, Am+1, • • • , Afc) G . 

This implies 

Ai + vr < Am' + TT < A < • • • < Afe < Ai + 27r, (7.13) 

which gives in particular the condition 

< ... < Afc -TT < Ai + 7r. (7.14) 
On the other hand, since A G Q^i, we have also A + (tt, . . . , vr, 0, . . . , 0) G , namely 

m' 

(Ai + TT, . . . , Am' + vr, Am'+l, . . . , Afc) G Qi- 

This implies 

Ai + vr < . . . < Am' + TT < Am'+l < . . . < Afc < Ai + 27r, (7.15) 
which gives in particular 

Ai + vr < . . . < A m' + vr ^ Am'+l <...<Am. (7.16) 
From the conditions fl7.14p and fl7.16p . we find 

Ai + vr < . . . < Am' + vr < Am'+i < . . . < Am < Am+i-vr < . . . < A^-vr < Ai + 7r. (7.17) 
This gives 

Ai + vr = . . . = Am' + vr = Am'+i = . . . = Am = Am+i-vr = . . . = A^-Tr = Ai + vr. (7.18) 
Hence, we have 

A = ( Aj.^. Ai , Ai + 7r. . . Ai + tt , Ai + 27r . . . Ai + 27rJ ) = (0 . . . 0, vr . . . vr, 27r . . . 27r)+^Xil^. 

m' m—m' k—m SttZ 

(7.19) 

Therefore, the points in common between the two stairs Q\m ^^"^ ^im'i < ^i 
given by 

A= (-vr... -7r,0_^,7r^^) +£7r, £ G Z. (7.20) 

m' m—m' k—m 

Now, we compute the difference of the boundary values of at the point C = ^ + 
a~', with £ = 0. 

On T{giJ (i.e. C G nGlJ), we have 

^.(C) U = F'^{Cm+U . . . , a, Cl + 2m, ...Xm + 2m) 

= F(,(6'm+i + ivr, . . . , + ivr, + 2i7r - ivr, . . . , 6'm' + 2ivr - ivr, 6'm'+i + 2i7r, . . . , 6'm + 2m) 
= F^(6'm+i - ivr, . . . , 6*^ - ivr, 6*1 - ivr, . . . , 9m' - i-rr, Om'+i, ■■■,0m), (7.21) 

where in the first equality we made use of definition (17. 6p . where in the second equality 
we used Eq. fl7.12p with £ = and in the third equality we made use of condition |(F2' 



Note that in the last line of fl7.2ip the function Fk is evaluated at the node A 
of Gl 
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Analogously, we find for ^ G T(^f 

^fc(C) L = i"fc(Cm'+i, . . . , a, Ci + 2z7r, . . . , Cm' + 2z7r) 

= Fl.{6m'+i, ■■ ■ ,0m, Om+1 +iiT,. . . ,6k + m, Oi + 2i7T - i-K, . . . , 6.m' + 2m - i-n) 

+ ZTT, . . . , + ZTT, 6^1 + ZTT, . . . , 6^^' + 11^), (7.22) 

where in the first equality we made use of definition (17.61) and in the second equality we 
used Eq. (I7.12p with £ = 0. Note that in last line of (I7.22p the function is evaluated 
at the node Xik-^+">-') of Q^. 

We can compute the difference of the boundary values (17.211) and (I7.22p using 
condition (F4') ; this difference is in general non-zero and also quite complicated to 
write down. Below we will simplify it by multiplying the functions with certain 
linear factors (see Prop. 17. 2p . 

We did the computation above considering the point (I7.12p with £ = 0; we can 
compute the case £ = 1 in a similar way, and then we can obtain the corresponding 
result for general £ by periodicity. 



7.2 Extend to the interior 

Now we will use the results of the previous section in order to construct the meromor- 
phic functions F^ (fulfilling the properties (F)); first we construct it on the tube over 
the open set: 

■= ich = {A G R'^ : Ai < . . . < Afc < Ai + 2-k}. (7.23) 

We can prove the second equality in (I7.23P following the argument schematized in the 
four points below: 

1. ich^l is translation invariant (by kir obvious, by other translation due to convex 
combination: if A G ich^|, then A + kir G ich^l, therefore for every 

yUG [0,1): /i(A + A;7r) + (l-/i)AG ich^^")- 

V ' 

2. ichgX^ = ich({edge s | < Ai < . . . < Afc < 27r}) = {A | < Ai < . . . < A^ < 
27r(< 271 + Ai)}, cf. |Lec06l Corollary 5.2.6]. 

3. Due to item 1, we have for all c G M that ich ^2 ^ ich^^_,_ + c. This implies 
Uc(ich^++ + c) C ich^|. We call := ich^| + c. This set can alternatively be 
written as Mc = {A | < Ai - c < . . . < A^ - c < 27r}. Set M := {A | Ai < . . . < 
Afc < Ai+27r}. We want to show that M c[j^Mc (which implies M C ich ^|). We 
prove this as follows: Given A G M, choose c = Ai - ^^+^2''"^'' = ^ + ^ - Then 
we show that A G M^: Indeed, we have Ai-c = ^-^ + ^ = |(Ai-Afc + 27r) > 0, 
Afc — c = ^ — ^ + 7r = i(Afc — Ai + 2ti) < 2tt, and moreover we have that Aj < Xj 
if and only if Aj — c < Xj — c. This concludes the proof that M C ich^|. 

4. On the other hand, ^| = {edges | Ai < . . . < Afc < Ai + 27r} C M. Since M is 
convex, we have ich Q2 Hence, we have shown that ich = 

Now, we prove the following proposition which shows that we can extend meromor- 
phically the functions F^ to T(X|). 
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Proposition 7.2. Let he distributions fulfilling (F'). Then there exist meromorphic 
functions F^ on TiX!^) which have the boundary values (17. ip . They are analytic except 
for possible first-order poles at (j — Cm = i^^, j > 

Proof. Using the functions defined in the previous section, we can define distribu- 
tions Gk on T(^|) by 

We can show that these functions Gk are CR distributions on the graph We aheady 
know that the functions are CR distributions on all T(^i^), but they are possibly 
not CR distributions on T(^|). 

We note that the rational factor Yli^.^' / / .^"^ is bounded at real infinity and it 
has a pole at (j — Qi + ivr = 0, {i > j). 

Remark: the pole of the rational factor will not effect our argument in Section [73] 
since we will never consider Gk in the region | | ImCj — IniCj'l < 27r}. Indeed, by 
the time we will extend the function to there in Section [773| we have gone back to Fk- 

So, it remains to show that the boundary values of the functions Gk agree at the 
nodes Im<^ = A™"^™ , given by Eq. fl7.12p . For this, we consider the product -F^(C) " 



TTo^o' ^^'i^^ at the points C = 0+iX"^'^"^ . Using|(F4')l we can compute the difference 



of the boundary values fl7.2ip and (17.220 . Inserting this into the product above, we find 
in particular the product 6c ■ Y[j>j' In 6c, factors 6{6e — 6r) of two types can 

occur: either £ G {m' + 1, . . . , m} and r G {m + 1, . . . , fc} or £ G {m' + 1, . . . , m} and 
r G {1, . . . ,m'}. On the other hand, the factor Y[j>j' i^^-g^.^+j^ ; evaluated at the nodes 

Im = A'"'^™' , contains also terms where j' G {m' + l, . . . , m} and j G {m + 1, . . . , A;} or 
where j' G {1, . . . , m'} and j G {m' + 1, . . . , m}. So, one sees that the support of these 
delta functions always coincide with the zero of the rational factor in (I7.24p . It is indeed 
~ Cr = i^TT which cancel the delta functions, except for the term corresponding to 
the contraction C = {m,n,(l}). 

One follows a similar argument for the case i = 1. In this case, we have to show 
that the boundary values of the functions Gk agree at the nodes Im ^ = X^'^"^ -\- i-jr. 
In place of (I7.2ip and (I7.22p we find, respectively, 

KiOlak = Fi^{em+i,...,ek,ei,...,em',em'+i + in,...,o„, + i7i), (7.25) 

F^(OLfc = F;,{em'+l-t7l,...,9„,-l7l,era+l,...,ek,9,,...,ern'). (7.26) 

As before, we consider the product -F^(C) ■ Y[j>j' but at the points C = ^ + 

j^ynnm _|_ compute the difference of the boundary values (I7.25P and ([73 



using (F4') Inserting this into the product above, we find in particular the product 



■ Y[j>j' i^^-g^.'+iii- - III ^c, "we can have factors 6{9i — 6^.) where i G {m + 1, . . . , fc} 

and r G {m' + 1, . . . , m} or where i G {1, . . . , m'} and r G {m' + 1, . . . , m}. On the 

other hand, the factor TT / /' , , now evaluated at the nodes ImC = A'"'""" + ztt, 

contains also terms where j' G {m' + 1, . . . , m} and j G {m + 1, . . . ,k} or where 
j' G {!,... ,m'} and j G {m' + 1, . . . ,m}. So, also in this case, one sees that the 
support of these delta functions always coincide with the zero of the rational factor in 



82 



7.3. PERMUTED STAIRS 



fl7.24p . Therefore, the zero ~ Cr = i^^r cancels the delta functions, except for the 
term corresponding to the contraction C = {m,n,^). 

One can then obtain the corresponding result for general i by periodicity. 

That gives: 

GkiOlg. =Gk{C)\g. , (7.27) 

l,m' 

where Gk{C)\rk indicates that we approach the points (17.121) from the edges of Qirn- 

Hence, the Gk are CR distributions on 

Now we can apply Lemma \C.1\ which gives an extension of Gk to an analytic 
function on T(ich^|), with distributional boundary values on T(ach^|). Then, we 
define as 

F.iO := ■ n f if:!" . (7.28) 

This function is clearly analytic in the same domain, but it has possible poles at 
~ Cj' = Considering the limit in the sense of distributions of F^ to the boundary 
of T{Qq), we find that it coincides with by construction. This because the function 
Fk is analytic on the edges of Qq and therefore there is no need of the rational factor in 
fl7.24p . So, on the edges of Qq the functions F^. and agree, and therefore they agree 
on the nodes of the graph. This gives fl7.1l) . □ 



7.3 Permuted stairs 

We can extend meromorphically the functions Fk to a larger graph by using the prop- 
erty of S'-symmetry of the functions Fj, cf. Fig. \7A\ as the following proposition shows. 



Proposition 7.3. The functions Fk of Prop. 7.2 extend meromorphically to TiX^ 



3 J' 



where 

Xl := {XeR'' : \\j - \f\ < 271 for all j,f}. (7.29) 



They fulfil the S-symmetry condition (F2) 



Proof. Given a fixed permutation a G &ki we consider the "permuted region" 

Xl„ ■= {A G M'^ : A.(i) < . . . < A.(fc) < A.(i) + 27r}. (7.30) 
We define the function Fk on the tube based on this permuted region TiX^^) by 

Fk{C)--=Fk{Ui).---.Uk))S"{C). (7.31) 

where S'' is given by Eq. (12. 5p . Since S" is a meromorphic function for all arguments, 
S'' is also a meromorphic function for all arguments; hence, (I7.3ip defines Fk as a 
meromorphic function on each of the disjoint regions T(X|^). But since S has no 
poles on the real line, we can find a complex neighbourhood M of M.^ (not necessarily 
tubular) where all S" are analytic, cf. Fig. I7.5j hence Fk is analytic in TV fl T(X|'^) 
for all (J. Due to the property of S'-symmetry (F3'), the boundary values of Fk at M'^ 



from within all these domains coincide in the sense of distributions. So, we can apply 
the edge-of-the- wedge theorem (for example, see |Eps60| ) around each real point, and 
find that Fk has an analytic continuation to a possibly smaller complex neighbourhood 
M' <Z M oiM.^. This implies that Fk is meromorphic on the connected domain 

n:=M'U U r(Xt). (7.32) 
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Figure 7.4: The regions X|, and X|, where X| is the convex hull of the union of X| and 
and where X|, are defined by Eq. ()7.23p and Eq. ()7.30p . respectively. The red dotted 
lines show poles due to the function S and for simplicity we restrict to the case where S has 
only one pole in the strip — 7r/2 < lm( < 0. 
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Figure 7.5: The neighbourhood N . If the poles of the function S approach the real axis as 
Re C — ±00 as depicted above, then we can choose a complex neighbourhood A/q of the real 
indicated, on which S is still analytic. 



By |Eps60| we have just shown that is meromorphic in the tubes T{l2a) that 
the boundary values at M coincide; in the case where the function was analytic, we 
could apply the tubular edge-of-the-wedge theorem |Bro77] and extend this function 
to the envelope of holomorphy of TZ given by ich(7?.). To extend this result to the case 
of meromorphic functions, we use |JPOO| Theorem 3.6.6], which says that the envelope 
of meromorphy is the same as the envelope of holomorphy. So, we can extend the 
function meromorphically to ich(7^) = T(X|). □ 



7.4 Extension to entire plane 



Now we use the properties of periodicity and S-symmetry of to extend meromor- 
phically Fk to the entire multi-variable complex plane, cf. Fig. 17.61 



Proposition 7.4. The functions Fk of Prop. 7.2 extend meromorphically to C . They 



fulfil (Fl). (F2) and (F3) 



Proof. We define Fk on by 



(7.33) 



=1 i=i 

3+^ 
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Figure 7.6: The extension of F2 to the entire rapidity multi-variables complex plane by 27r 
periodic continuation of X|. 
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where we choose rt El}" such that ^ + 2i7rn G T{I^). To show that this is well-defined, 
we need first to prove that it is possible to choose such n for any Given A G M'^, 
choose rij G Z such that Xj := Xj + 2'7inj G [0,27r). Then \Xj — Xi\ < 27r for all 
and therefore A G X|. However, we might have several of such choices for n. Suppose 
that, for fixed ^, there exist n ^ n' such that Im ^ + 27rn G X| and Im <^ + 27rn' G X|. 
In this case, we have (a priori) two definitions of -Ffc(C); namely one built with n and 
one built with n'. What we have to prove is that these two definitions actually give 
the same value -Ffc(C)- Namely, we need to show that 

n - 0))"' ^'^(^ + 2^^^) = n (n^(^^ - o))"' ^^(c + 2W). (7.34) 

1=1 j=i 1=1 j=i 

^ V ' ^ V ' 



In order to simplify the above expression, we call C = C + "^iT^n'. Dividing by Sn'{C)^ 
and using 2i7r-periodicity of the S'-factors, S{(e — Q) = S{(e — Q + 27ri) = S{(e — 0); 
formula f l7.34p becomes: 



FkCC + 2tn{n - n')) = H ( H ^(0 - 0))"'"">;^(C) (7.35) 

1=1 i=l 

Calling for all j, Uj — n'- =: n"- we get from f l7.35p the same expression as in (I7.33p . So, 
we can assume without loss of generality that n' = and Im<^ G Xg. 
Hence, for <^ G X| and C, + 2i7rn G X|, we want to show: 

k k 

^^(0 = n ( n ^(^^ - C.))'^'^fc(C + 2z7rn). (7.36) 

£=1 i=l 

We can check that the factor Sn{C) defined above has the property that Sn{C) = 
Snp{C^) for any permutation p. Indeed, we have by definition: 



K K 



■■p{i) 



=1 i=i 



n ( n 5(0-0)) 



p-He)=i p'Hj)=i 



=1 i=i 

since the products over £ and j run over all the indices 1, . . . ,k, and since p^^{j) = 
p~^{i) if and only if j = i. 

We can see that relation f l7.34p is invariant under the permutation of the components 
of C and n by p: 

SrrpiOMC + 2mnO = ^n'KC)^fc(C" + 2mn'0. (7.38) 
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The invariance of this relation is due to f l7.37p and the fact that Fj. is S-symmetric by 
Prop. [731 

SUOS'iC + 2z7rn)Ffe(C + 2inn) = Sr,'{C)S'{C + 2i7in')Fk{C + 2mn'). (7.39) 
Using that S is 27ri-periodic, we find 

Sr^iCS'iOFkiC + 2mn) = Sr^iCS'iOFkiC + 2tnn'), (7.40) 

and therefore: 

SuiOFkiC + 2^7^n) = 5^.(C)i^fc(C + 2^7rn'). (7.41) 

Hence we can assume that rii < ... < n^. 

Now, with A := Im^, the conditions A G Xg and A + 27rn G X| imply (cf. ([73 



Vj, fc: |Aj - Afcl < 27r, |Aj - Afc + 27r(nj -nfe)| < 27r. (7.42) 

We can show that nj G {A^, + 1} for all j with some fixed G Z: We have 27r > 
\{Xi—Xj)+27T{ni—nj)\ > \\Xi—Xj\—27T\ni—nj\\ > 2TT\ni—nj\ — \Xi—Xj\ > 27r|nj— |— 27r. 
This implies 2 > \ni — nj\, and therefore we have for alH = 1, . . . ,k : \ni — nj\ = 1. 
We choose N = min^ . 

In the following we consider only the case = 0; indeed, we can handle the other 
case A^ = — 1 with similar arguments, and to prove the case for all other A^ we use the 
2i7r-periodicity of F^. 

We want to show the identity fl7.34p (where n = (0, . . . , 0, 1, . . . , 1) with m entries 
of 0, and n' = 0) between meromorphic functions, hence it suffices to check it on a real 
open set, possibly on the boundary of the domain. Therefore, we can choose Im^ = 
and Im<^ + 27rn G X|. Inserting as the boundary value of Fk, it remains to show 
that for real 0, in the sense of distributions, we have: 

F;,{d) = ( n n - • • • ' ^-+1 + 2^^, • • • , 4 + 2m). (7.43) 

i>m j<m 

This uses 

k k 

u{u^(^^-^^^T = n n^(^^-^^)= n ( n s{ee-e.)). (7.44) 

e=l i=l e : ne=l i+t I : ng=\ i : ni=0 

On the right hand side of fl7.43|) . is evaluated on a point of T(^i m) (this point 
is 6> + i(0,.^. ,q, 27r, ,27r )). Using Eq. ([Tj]), we find 

m k—m 

Fm= (n \{S{ee-e^)^Fl{e^+^ + 2Tii,...,eu + 2m,e^ + 2m,..., 6^ + 27^1). (7.45) 

i>iri j<m 

Then, using the 2i7r-periodicity of (17. 2p . we find 

r.h.s.UM = ( n n ^^'^^ - (^j))F'kiOm+i, ...,ek,e,,...,em). (7.46) 

£>m j<m 

We consider a permutation a given by 

a=f ... m m + 1 ... k\ (747) 

\m + 1 . . . k 1 ...ml' 



7.5. RESIDUA 



We compute S'^ from the definition fl2.5l) : a swaps 1 . . . m with m + 1 . . . k, but leaves 
the order of indices unchanged otherwise. Thus the S factors in the product are of the 
form Sej where i > m and j < m. Hence, we find 

r.h.s.dzaSD = ( n n ^(^^ - ^^,))F^(^^,n+i, ...,e,,e,,...,e^^) = s"{d)Fl[e''). (7.48) 

l>m j<m 



Since is S-symmetric by (F3'), this proves (I7.43p . 

By the argument above we have just showed that is well-defined on C^. It is 
meromorphic on due to the poles of the ^-matrix and the possible poles of the 



recursion relations, and it is analytic on ich(^^); hence (Fl) is fulfilled. We have 
already showed (F2) in Prop. 17.31 (there we actually proved 5'-symmetry of on a 
smaller domain than C'^; but since Fk is meromorphic, this property holds also on the 



larger domain). Regarding (F3), we notice that this is a special case of (17.331) . where 
the shift by 2iTi involves all the complex arguments ^ of F^. □ 



7.5 Residua 



Now, we want to compute the residua of F^ and prove formula (F4) 



Proposition 7.5. The first- order poles of F^ at Cm ~ Cn = "^^r, m > n, have residua as 



given by (F4) 



Proof. It suffices to prove (F4) for m = 1, n = k; indeed, the general case follows 



from that particular case by using ^-symmetry (see below). Since the residues are 
meromorphic functions on the pole hypersurfaces, it suffices to verify formula (F4) on 



a real open set. Therefore we compute the difference of the boundary values of F^ at 
the points = 6 + i{0, . . . , 0, vr ± 0), where we assume that 9j ^ Oji for j ^ j' (except 
for j = = k). We note that C,_ G ich(^^) but C+ £ ich(^f ^_j^). Hence, using f l7.6p . 
the 27ri-periodicity of F^, and the boundary values of Fk as in (17. ip . we find 



FkiOi, 9k-i, Ok + iTi- iO) - Fk{9i, ^^-i, + ivr + iO) 

= Fl{e^ . . . 9k-i, 9k + m) - F^(4 -Z7i,9,,..., 9k-i) 

k 

= 6{9k - 9i) (l - n S(^p - 0k))Fk-2{92, 9k-i), (7.49) 



p=i 



where in the second equality we made use of (F4') in the case m = 1. So, we can read 
from the formula above the residue of the pole: 



k 

-T-.^'<« = 2sO-ns(c.-c.))F«(c). 

p=l 



(7.50) 



This is exactly (F4) in the case m = l,n = k. 



□ 



Now, using S'-symmetry on the residua, we compute the residua of Fk for generic 
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m, n, with m < n: 

res_. Ffc(C) = (Cn - Cn^ - ^vr)Ffc(C)L ^.^ 

m— 1 fc 

= (Cn-Cm-^Vr)F,(C„,C,Cn)- n^(^™-0) H ^(C^-Cn)|^„ 

j=l i=n+l 

m— 1 fc 

= [ res. F,(C^,C,Cn)]- n^(C--O) n ^(C^-Cn) 

k m—1 k 



— Cm=i7r 



^ (i - n ^(^p - ^i)) n - 0) n ^(o - o ■ ^^.2(0 

p=l j=l i=n+l 

^ k m—1 A: 

l^^[^-X{S{Cr>-Cm))\{S{C^-Q n ^(0 - Cn)Ffc-2(C) 
p=l j=l i=n+l 

fe fc m— 1 fe 

n s{c, - Cm) (1 - n ^(c- - cp)) n - o) n ^(^^ - 

q=l p=l jr=l i=n+l 

n k 

= -X{S{C,-U[l-X{S{C^-C,))^ (7.51) 



q=m 



where in the third equahty we made use of (F4) for I = l,r = k. So, we find, / < r 



res 



n k 
j=m p=l 



7.6 Pointwise bounds 



Now we discuss the boundedness properties of F^, namely (F5) and (F6) 



Proposition 7.6. The functions Fj. fulfil the bounds (F5) and (F6) 



Proof. We notice that (F5)| is invariant under the transformation £ — )■ £ ± 2 due to the 



property of periodicity (17. 2p . Hence, (F5) follows directly from (F5') To prove (F6) 
we consider the function 



^^±(0 := exp ( ± z/ir sinh Cj - ^ ro(± sinhCj))Ffc(C)• 



From condition (F6'), we know that 



\H±{ ■ + «A)||x < c for A on an edge of Q^. 



(7.53) 



(7.54) 



By the maximum modulus principle. Lemma \C2\ we have that the same bound holds 
for all A G ich^^. Then, applying Prop. IC.3t we find 



H±{e + iX) < c'dist(A,9ich^±)-'=/l 



(7.55) 



By computing Re w(± sinh(6'j + iXj)) < a^c<;(cosh^^j) + b^, we find from ( I7.55P and 
(173^ the bound p6)] for F^ . □ 



The proof of Theorem 17.11 is a consequence of Propositions 17.41 17.51 and 17.61 
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Chapter 8 

(F) ^ (A) 



In this chapter we want to prove that given a family of meromorphic functions Fk with 
the properties (F), then the Araki expansion defines a quadratic form which is w-local 
in a double cone. In other words, we want to prove the following theorem: 

Theorem 8.1. // (F^) is a sequence of functions fulfilling (F), then 

A:= V / ^^F^+„(0 + ^O,r/ + ^7r-zO)zt™(0)^«(r^) (8.1) 
^-^ J m\n\ 

m,n=0 

defines a quadratic form fulfilling (A). 



8.1 Well-definedness 

We can show that fl8.ll) is well-defined. Indeed, set gmni^, Vl) ■= Fm+ni.^ + iO, + i7r — 
iO). We have from [(FSj that ||5'mn||mxn < Hence, by applying Prop. 13. 7[ we have 
that the series in (18.11) is a well-defined quadratic form A G . 



8.2 Commutator for creators- annihilators 

In order to show that A is cj-local in a double cone, we need to compute the commu- 
tators of A with the wedge-local fields 0(x), (p'ix), and to show that they vanish if x is 
in certain regions in Minkowski space. 

We compute these commutators from the Araki expansion and we express them in 
terms of the Araki coefficients. 

To that end, first we compute the commutator [z''"^ (0) z"' {rj) , z"^' {/3)] in operator 
form, where = z', z^'; an expression for this commutator generalizes the commuta- 
tion relations (I2.98P and involves the multiplication operator B^'^, which is defined in 
Eq. fl2A0nD . 

It is useful the following lemma: 

Lemma 8.2. Let g eHi. The following exchange relations hold on 'H} (in the sense 
of operator-valued distributions) : 

B^'^'z\e) = s{e' - e)z\e)B^^'^' . (8.2) 

Proof. (18. 2p can be computed directly from the definitions. We apply B^'^' z\9) to an 
arbitrary ra-particle vector G T-L^ . We have 

n 

B''''z\9)^n = g{0') Yl S{9' - 9j)Si9' - 9)z\9)^n = S{9' - 9)z\9)B3'''^n- (8.3) 
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□ 

Now, we can prove the following lemma: 

Lemma 8.3. Let g E The following commutation relations hold in the sense of 
operator-valued distributions on 'H} : 

m m 

[z{g)',z\e,)...z\e„,)] = Y,[ n s{e,-ei))z\er)...7{e;)...z\e„,)B^^'^, (8.4) 

i=i i=j+i 

rn j—1 

[z\gy, z{e,) . . . z{e„:)] = - ( H ^(^' - ^.)) . . . ^ . . . (s.s) 

j=i 1=1 

Proof. Our proof of Eq. f l8.4p is based on induction on m. For m = 1, Eq. (18 ■4p reduces 
to (I2.98p . and is proven as in |Lec06[ Lemma 4.2.5]. 

So, assume that Eq. (18. 4 p holds for m — 1 in place of m. We have 

[z{g)',z\e,)...z\e^^,)z\e^)] 

= [z{g)\ z\e{) . . . z\e^.^)]z\e^) + z\er) . . . z^Om-iMgy, z^Om)] 

m— 1 m— 1 

= E( n s{e,-ei)y\e,)...^)...z\e^^,)B^''^z^{dj 
j=i i=j+i 

+ z\ei)...z^{e^^^i)B^''-, (8.6) 

where in the second equality we made use of Eq. (I2.98P and Eq. (18. 4p in the case m — 1. 

Now, using the exchange relation (18. 2p . we bring B^'^^ to the last position in the 
third line of (18. 6p . we find 

m—l m 

[zCgy,z\9^)...z\9^)] = Y, U 3(9^ - 9i)z\9,) . . .'^) . . . z\9.^)B^''^ 

j=i i=j+i 

+ z\9r)...z^{9^^,)Ba''-. (8.7) 

Hence, we have 

m rn 

[z{gy,z\9,)...z\9rr.)]=J2 n S{9,-9i)z\9^)...'^)...z\9m)B^''^, (8.8) 

i=i i=j+i 

which is (IH3D. 

Then one can obtain (18. 5p from (18. 4p by taking the adjoint of (18.41) : 
[z\gy, z{9,) . . . zi9m)] = i[z\9^) . . . z\9,), z(<7)'])* 

= -Y.il ^^^i - dj){B~^^'^rz{9{) . . . ^ . . . z{9m), (8.9) 

3=1 1=1 

where in the second equality we made use of Eq. (18. 4p . □ 
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8.3 Commutator for Araki expansion 

Now, given a generic A G Q'^, we compute the commutator in terms of its 

Araki expansion. 

Proposition 8.4. Let A E Q"^ , g E V(M?). It holds that 

rri,n^u 

- ri)z^"'{e)B^-'^z-{ri)) . (8.10) 
Proof. We need to compute the commutator: 

m,n=0 

Using i^M), we find 

m,n=0 

+ E / (8-12) 

m,n=0 

Applying (18. 4p and (18. 5p to the formula above, we find 

n j-l 

S{vi - Vj)) X 

m>0,n>l " j=l 1=1 

X ^t-(0)(5^.^.)*^(^^) . . . ;(;^ . . . z{ri^) 

^^/.a«.'7)E(ns(''.-'''))x 

m^i,n^u i = l «=j + l 

X z\e^) . . . Tie;) . . . z^iejB'^-^'^z^i'n). 

We call rjj =: ^ in the first sum and dj =: ^ in the second sum; we permute the 
argument of fm}n so that they become {6,^,r]) and {0,^,f)), respectively; we notice 
that this cancels the S'-factors in the sums. (Here we use Prop. 13. 4[ ) Hence, we find: 

dUlSn{0.i.r^)z''--\e)B^'^'z-{r^). (8.14) 

Now, we relabel the summation indices, we find 

/ d^ (f!^n^i{0,C,ri)z^'^{e){B^'''rz-{rj) 

rri,n^v 

- /ifji,„(^, rj)z^-'iO)B^''^z-{ri)) , (8.15) 
which is (KW^ . □ 



(8.13) 
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8.4 Localization in a left wedge 



Using that we have a family of functions fulfilhng the conditions (F), we want to 
prove that the operator A, given by flS.ip . is locahzed in a shifted left wedge. This 
means that we have to prove that the commutator [A, (f)'{g)] vanishes if g has support 
in the corresponding right wedge. To show this, we use Prop. 18. 4[ and the idea for 



f[A] 
J m,n 



the proof is as follows. Due to properties (Fl) and (F2) (see Prop. 13. 7p . we have 

iO); then, it follows that /^i„(^,^ + in,r)) = 



[0 + 20,77 + i-K 



/nfL+i(^5 'C) ■'?)• Ill matrix elements between vectors of finite particle number we can 
compute directly '^^'^'^ = {B^^'^)*, using also that g has compact support. Inserting 
this into Eq. fl8.10p . we see that [A, (p'ig)] vanishes if it is possible to shift the integration 
contour in ^ from M to M + ztt. 

The fact that we can shift the integration contours depends on the growth behaviour 
of the analytic functions involved, namely and g, and therefore it depends on the 
localization regions of A and g. So, first we study the growth behaviour of these 
functions. 



Hence, 
function 



we define for fixed m,n G No, f E V{ 



q E No, and u E 



the 



(8.16) 

Since Fk fulfils the conditions (F), this K is analytic for ^ E S(0,7r), with boundary 
values which are distributions. We also define for fixed g E T'(M^) the function. 



i/ir sinh ^ 



(8.17) 



Since the support of g is compact, this function is entire analytic. 
Now, we want to prove the following lemma: 



Lemma 8.5. If the F^ fulfil (Fl) and (F6) , then there exist c, c' > such that 

3c'tj(cosh ^) 



\m+ix)\ < 



ce 



(A(7r-A))('"+")/2' 



Proof. We introduce h := min(A, n — \) / {m + n + 1) and '■= (1,2,..., m), := 
{n, ... ,2,1). For fixed ^, A, 6, t], we define 

G{z) := e-*^'-^^°^«F^+„+i(6> + zHul, ^ + tX,'n + t7z- zHur). (8.19) 

We can show that when z E M + i(0, 1), then {O + zHul, C, rj + iir — zhu^ E ich Q'^, 
cf. Fig. 18.11 That is, we have to show: 

< Im zh < . . . < mh Im z < X < n — nhlm z < . . . < ir — h Im z < n. (8.20) 

Obviously, we have Im zh>0,TT — hlmz<7r,lmzh< ... < mh Im z and ir—nh Im z < 
. . . < n — hlmz. It remains to show that mhlmz < A < vr — nhlmz. By definition 
h < — r-TT, hence mhlmz < m — r-rr ■ 1 = — rh-rA < A. By definition we have also 

— m+n+l ' — m+n+1 m+n+1 

h < +1 ' hsnce n — nhlm z > n — Im 2; > vr — (vr — A) Im z > vr — (vr — A) = A. 
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Figure 8.1: The computation of the pointwise bound ()8.18p . Dt refers to the disc introduced 
in the proof of Prop. IC.3I 



Since the function F^+n+i is analytic in ich^^, we have that the function G is 
analytic in 2; G M + i(0, 1); for the imaginary part of the argument of Fm+n+i, we can 
show 

dist [{hlmz, . . . , mh Imz, A, tt — nhlmz, . . . ,11 — hlmz), dich > —^h Imz. 

(8.21) 

The proof of fl8.2ip works as follows. Note that dich.Q'l = {Aj = Aj+i for some i} V 
{Ai = 0}V{Aa: = vr}. We compute fl8.2ip directly, noting that dist(-) denotes the 
euclidean distance in W'. Obviously, we have: 

dist ((/i Im^;, . . . , mhlmz, \,7i — nhlmz, . . . ,7i — hlmz), {Ai = 0}) 

= ^/{hlmz- 0)2 + {2hlmz- As)^ + . . . >hlmz, (8.22) 

and, 

dist ((/ilm z, . . . , mh Im z, X,n — nh \mz, . . . ,ii — hYmz), {A^ = vr}) 

= V^. . . + (tt - 2h\mz - Afc_i)2 + (tt - h\mz- 7r)2 > hlmz. (8.23) 

So, it remains to show 

dist {{hlmz, . . . , mh Im^;, A, tt — n/i Imz, . . . , vr — /i Im z), {Aj = Aj+i for some i}) 

> -^hlmz. (8.24) 
v2 

By direct computation, we find 

dist ((/ilmz, . . . , mh \m.z, X,7i — nh Imz, . . . ,71 — hlmz), {Aj = Aj+i for some i}) 

= ^/... + {hilmz- + {h{i + l)lmz- A,)^ + • • (8.25) 



95 



CHAPTER 8. (F) (A) 



We call fi := hilmz — Aj, h{i + 1) Imz — Xi = ^ + hlmz, a := hlmz. We compute the 
minima of the function /(/i) := yU^ + (/i + a)^: from + (/i + a)^) = 2yU + 2(/i + a) = 0, 
we find /i = -a/2. We have /(-a/2) = (-a/2)2 + (-a/2 + af = 2(a/2)2 = aV2. 
Hence, we have /x^ + (/i + a)^ > a^/2; namely: 



{hilmz - Aj)2 + (/i(i + 1) Im^ - Aj)^ + . . . > — /ilmz. 

v2 



(8.26) 



This concludes the proof of fl8.2ip . 

Then, since the argument of F^+n+i is a point in the interior of T(^^), we can 



apply condition (F6) , which gives, for any i? > 0, a constants cr (dependent on R, but 
not on ^, A) and c' such that 

1^(^)1 < CRe'=''^(^°''^«)(/i|Imz|)-'=/2 for all 2 G (-i?,i?) +i(0,l), \\e\\ < R, M\ < R. 

(8.27) 

Following, for example, |BF09| Prop. 4.2], we compute a bound for the boundary 
distribution 



/ G{x + iO)g{x) dx 



as follows: lei z = x + iy, we have 



G{x + iO)g{x) dx 



lim / G(x + iy)g(x) dx 



lim / ^'\x + iy)g^'^\x) dx 



(8.28) 



We can show that 

\G^'^\z)\ < 4^)e"'"('=°^^«)/i-'=/2(| Im;zr'=/2+£-i/4 ^ ^-^^ > + 1/4). (8.29) 



We prove f l8.29p using induction on i. For £ = it follows directly from fl8.27p . Now 
assume that fl8.29p is true for £ — 1 in place of i; we prove it for i: 



G^-'+'\z')dz'\ < 4-V'-(™^'^«)/i-^/M + (8.30) 

i/2 Ji/2 

We choose in the strip z G M + i(0, 1) the integration path: 7 := {0 < Rez' < 
Kez, Imz' = 1/2} U {Rez' = Rez, 1/2 < Imz' < Im^}. We compute the integral 
above along this curve, we find: 

Re 2 



r.h.s. dOnjl = 4-ie'='"(™^^«)/i-'^/M dRez' 

Jo 



Im ; 



+ c'-^e''-i-°'''^)h-^/^ / dlmz' {\lmz'\-'''^+'-'-"^ + 1 

Jl/2 

/ iTm 2+1-1-1 ^ 



A;/2 + £-l-l/4 + lli/2 ^ I1/2 



where we used that Rez < R. 

Choosing £ > A;/2 + 1/4 and inserting fl8:29|) in flOHjl . we find 

r.h.s. (E281) <cf e^''^(^°^^«||(7W||i/i-'^/2_ 
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Hence, denoting Cg^n := c'^^''||(7^^''||i, and inserting the definition of h where we esti- 
mated min(A, tt — A) > ^(Tr — A)A, we obtain the following estimate for the boundary 
distribution: 



G{x + iO)g{x) dx 



where the constant Cg^R might depend on the test function g E V{—R, R) and the cutoff 
R, but not on G (and hence not on ^, A, 6, rj). 

Now, we recall fl8.16p and f l8.19p . and we compute 

\m + ^X)\ 

= |e-^'^^^''^^«+*")( J]5(e-z/,+zA)) / ci"^^rf"r//(0,r7)F^+„+l(0+^O,e+^A,r7+^7r-^O) 
q /" 

= \{llSi^-Uj+i\)^ / rf"^rf>/(^,r7)e-*'^'-^^°^«+*^)F^+„+i(0+zO,e+a,r7+*7r-zO) 
i=i 

= \{llSi^-u,+z\)^\-\ / d"^^d>/(0,77)e-''^^^''^^(«+*")F^+„+i(0+zO,e+^A,r7+m-zO) 

< I y d"'9d''r] f{0, T7)e-*^"^^°'^(«+*^)F^+„+i(6> + iO, ^ + zA, rj + iiz - iO) . (8.34) 

where we have estimated the factors — Uj + i\) by 1, since they are bounded 
functions on the strip S(0,7r). 



In order to apply fl8.33p . we perform in the last line of the equation above a coor- 
dinate transformation t : C x ^ and u : C x M^+^-i ^ C", such that we 
can rewrite that integral as 

\K{i + i\)\ < I J d'^ed^vfiO,ri)e-'>''''''''^^^''^F^+r.+iie + tO,^ + tX,'n + i7z-iO) 

= j dxdp f{t{x, p), u{x, p))e-"''''"'''^^^'^^Fm+n+i{t{x + zO, p),^ + t\, u{x + zO, p) + in) 

= j dxdpf{x,p)e-'''^'''''^^^^'^^F{x + iO,p,^ + i\) . (8.35) 

where we denoted f{x,p) := f(t{x,p),u{x,p)) and F{x + iO, p,^ + := Fjn+n+i(t{x + 
iO, p),^ + i\,u{x + iO, p) + iTz). 

We have that G{x + iO) = e-'''''''^''^^^+'^'^F{x + iO,p,^ + iX). We can now apply 
(Km . we find 



\K{^ + iX)\ < I dp J dxf{x,p)G{x + iO) 

(3(m + n + l))'=/^cj_p.Re^''^(^°^^«) 



< 



< 



"^P' (A(7r - A))(-+")/2 

(3(m + n + l))^/2 gc'^(coshc) 



(A(7r- A))(™+«)/2 



dp c 



supp / 



(8.36) 



where we used that / has compact support in a ball of radius R, and where the last 
integral is finite; we call c := (3(m + n + l))'^'/^ j^^^^jdpcj ^j^. This gives the result in 
Lemma 18.51 □ 
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Lemma 8.6. Letm,n G Nq. If Fm+n fulfils (Fl) and (F6), then there exists an analytic 



indicatrix u' > u such that for all f G and g G V^'CWr), 

j + iQ)h{C)d^ = J K{^ + i7i- tO)h{^ + i7T)d^, (8.37) 

where f, g enter the definitions of K, h given by Eq. fl8.16p and Eq. (18.1 7p . 

Proof. We set uj'ip) := a^^^dujij)) + log(l with c' as in Lemma l8.5[ and 

o-Lo' = > 1- This is a vahd indicatrix, see Example 1 in Sec. 12.51 We will show below 
that 

j m + ^0)/i(O di = lim j K{i + ie)h{i + le) d^, (8.38) 

and similarly for the upper boundary. We can show that for fixed e and with some 
Ce > 0, 

VA G [e, vr - e] : ^ + ^>^)m + ^A) | < ^ • (8-39) 

Indeed, on the strip A G [e, vr — e] we can estimate the denominator in (I8.18P by 
(A(7r — A))*-™^"''/^ > e™"^", and we can set q := l/e™"^"; moreover, using Lemma 18.51 
and Prop. 12. 6[ we have 

/ a^(c-a;(coshO + log(l + coshQ) ^ 
< Ce exp c Ci;(cosh4 j ) 

^ log(l + cosh,^)j 

= Ce(l + cosh ^)-{™+-+4)/2^ (g_4Q) 

where we have set a^^ = a^'. 

So, on the strip AG [e, vr — e], where we have shown above that the function h - K is 
analytic and decays fast in real direction, we can apply Cauchy's formula and we get, 

Ve>0: j diK{i + ie)h{i + ie) = j d^ + iii - ie)h{^ + in - ie) (8.41) 

Now, to conclude the result (18.371) from this, it remains to show Eq. (18. 38 p . Namely, 
we need to show that 

lim j di K{i + ze) {h{0 - + ze)) = 0. (8.42) 

We denote K^'^'^ the £-th antiderivative of K, with (^^y K^-^\i^) = 0, < j < £. 
We will show 

\K^-'\^ + iX)\< ce'^'"(™^'^«(l + 1^1)^ [A(7r - A)]("^+")/2-^-i/4 ^ ^ < + ^)/2. (8.43) 

We prove (I8.43P using induction on £. For £ = 0, it follows directly from the bound of 
Lemma 18.51 Now assume that (I8.43P is true for £ — 1 in place of i, we prove it for i. 
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We integrate ^^^^ along the lines from i7r/2 to ^ + iTc/2 and then from ^ + i7i/2 
to ^ + iX. By induction hypothesis, we find 

in/2 

< /^^''ce^'-('=°^^«')(l + \C\Y-' [X'{n - X')]^rn+n)/2-i+l-l/4 
Jin/2 



^gCKcosb4i(i + 1^1)^-1 / [X'in - X')Y 

Jn/2 

Jo 

^gc'c.(cosh0(l + 1^1)^-1 f(^^/2Ym+n)/2-Ul~l/4 j^^^'^ _ Y)(m+n)/2-^+l-l/4 

^ Jn/2 
i'\<n/2 

(^^ jc£^(m+n)/2-l+\-\/\ / y(m+n)/2-^+l-l/4 



Jn/2 

+ C [(7r/2)(7r - ^/2)](™+")/2-^+l-l/4 gC'a.(coshO /"^ (1 + 

io 

X ffyr - y)(m+")/2-^-l/4|^ _^ y (m+n)/2-£-l/4 I A \ 
\ ^ 1 7r/2 1 7r/2y 

+ c [(7r/2)(7r - ^/2)](-+")/2-^+i-i/4 gc'c.(coshO(i + 1^1)^ 

(8.44) 

where in the third equality we used that ^ < eca;(cosh5) ^.j^g monotonicity 



of a;, i.e. (wl) This concludes the proof of fl8.43p . 



For £ > (m + n)/2, we find by repeated integration, with some c" > and for all A, 
\K^-'\i + 2A)| < c"(l + I^DV'"^'^"^^?). (8.45) 
Using integration by parts and the bound (18.451) . we find 



lim 

e\0 



= lim [ K^-'^ (e + le) {h^'^ (0 - h^'^ (^ + le)) 
< c"\ime [ d^l + |^|)V'"(^°^'^«) sup l/i^'+'H^ + ^A)| = (8.46) 

f\0 J 0<\<n 

if we can show that the integral in the last line is finite. To that end, using the bounds 
on g~ from Prop. 12.61 and the definition of u' after Eq. (18.371) . we have that for all 
AG (0,7r), 

\h^'+'\^ + tX)\ < c'"(coshO'+'e'"'(^°^^«)/"-' 

= c'"(coshO^"^^e~'^''^(™"''^^e"'''^^°s(i+coshO 

< c'"e-^''^(=°^^«)(coshO''''(coshO~'^-' 

= c'"(coshO^~^'"+"^/'~'e-'='"(™^^«), (8.47) 
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where we used c' := l/a^'. 
Inserting in (18. 46 p . we find 



\£-(m+n)/2-2 



(1 + sup \h^'+^\^ + tX)\ 

0<\<n 

< j di{l + |^|)V''^(=°^^«)e-'='"(™'^«)(l + coshO^ 

= J d^{l + |e|)'(l + coshO''^'"^"^/'"'. (8.48) 



This integral is finite if we choose m + n<2i<m + n + 2 (where the left inequahty 
is due to the condition i > (m + n)/2 before fl8.45p and the right inequahty is due to 
the requirement that £ — (m + n)/2 — 2<0). □ 

Using this we can prove wedge-locahty of A, as discussed in the beginning of this 
section. 



Proposition 8.7. Let he a sequence of functions fulfilling (Fl), (F2), (F5) and 



(F6), and let A he as in (18. ip . Then A is u-local in the wedge W^. 



Proof. We have that A, given by (18. ip . is weh-defined by properties (Fl), (F5) and we 
have fm}n{0, rj) = Fm+n{d + zO, T7 + ZTT — zO) by (F2) This is due to an apphcation of 
Prop. O 



Now, by apphcation of Lemma 1^ Hii) it suffices to show that (■?/', [A^ (j)' {gy\x) = 
for fixed ip,x ^ 'H'^'^ and for all g G (VVr-), where the indicatrix u' is chosen in a 
suitable way. 

We can assume that ip, x have fixed particle number and compact support in rapidity 
space. This is possible because for any ip G T/"^'-^, more specifically ip G 'H'^ nHn, there 
exists ipn G nT'(]R"), such that \\exp{u{H / fj,)){ip — ipn)\\ — j- for n — )■ oo. Moreover, 
let Ipn — )■ Ip, Xn X n ^ oo in the sense of the above norm, then {ipn, [A, (p'{g)]Xn) 
converges to {ip, [A, (p'{g)]x) , since [A,(p'{g)] is a well-defined element of Q^. 

We use Prop. 18.41 and we consider a summand in Eq. (I8.10p with fixed m, n, since 
we can compare in this equation only terms with the same number of creators 2;^ and 
annihilators z. It suffices to show that ii g & (W^), for fixed q G Nq, we have 



d"'ed^r] I dUiO,ri)(^Fm+n+ii0 + iO,^ + i7r-tO,ri + t7z-tO)iBf^^y 

- Fm+n+i{0 + ^0, e + «0, + ZTT - iQ)Bf A = 0. (8.49) 



We use the definitions fl2.1()()p . flSrTHjl and fl8T7p . and we rewrite (K^ as follows: 

j K{i + iQ)h{i)di = j K{^ + i7i- iO)h{^ + i7i)dC (8.50) 

This is given by Lemma I8l6| moreover, here we used the following fact: By Proposition 
I2.6l the Fourier transform g~ of a function g G (Wr) extends to an analytic function 
on the strip S(0,7r) with boundary value g^{^ + in) = g'^iC,)- Recalling that the 
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scattering function S is analytic in S(0, vr), we have 

q 



(8.51) 



1 



□ 



8.5 Generalized recursion relations 

Now, we start to pass from the wedge locahty to the double cone locahty of A. So, as 



first step, we compute the residua of in several dimensions, using (F4) We have 
the following lemma: 



Lemma 8.8. There holds 

—^ocJTLcyy-, ■ii)^m+n-2\c\\^, 'I -1- 

(8.52) 



res ... res Fm+n{0, r] + in) = . . ScRc{0, 'n)Fm+n-2\c\ {0, r) + in) 



where C is the contraction (m, n, {(£i, ri + m), . . . , {i\c\, '"ici + ^)})- 



Proof. Our proof is based on induction on i. We first note that (F4) in our specific 
situation simplifies to 

res Fm+n{0 + iO,'n + in - iO) = -^Sc,RcA^^'n)^m+n-2{0 + ^,-1] + in - iO), 

(8.53) 

where Ci = (m, n, {(£, r + m)}). 

Also, notice that in the case = {0,r] + in), m = i,n = r, the S-factors in (F4) 
simplify: 

m+n r m+n r 

(i - n ■ {u^qAo) = (i - n sif{o,rj)) . (n^^?(^'^)) = rc.sc,. 

p=l q=i p=l q=£ 

(8.54) 

This is just Eq. fl8.52p in the case \C\ = 1. 

Now assume that Eq. fl8.52p holds for |C|— 1 in place of \C\. We consider C = C'UCi, 
with C = {m,n, {{i2,r2 + m), . . . , {i\c\,r\c\ + m)}) and Ci e Cm-\c'\,n-\c'\, \Ci\ = 1- 
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We have 



res I res 



res F{d,r} + iTz)] 

■ i-r^«ici=° ^ 

rRc>Sc'{0,r}) res Fm+n-2|c|+2(^, ^ + ^tt) 

(8.55) 

Rc'Sc {0, r})Rc,Sc, {6, f})Fm+n-2\c\ ik h + ^tt) 



(2m 










)\c\ 




\c\ 


(2m 


)\c\ 



RcSc{0, ri)Fm+n-2\c\ {0, rj + i'^), 

where in the first equahty we used Eq. fl8.52p in the case \C\ — 1, where in the second 
equahty we made use of Eq. (18.531) and in the third equahty we used Lemma 13.21 
To obtain RcRci = Rc in the third equality, we used (I3.81|) and the fact that 

6c'RcA0,'n) = Sc'RcA0,v)- □ 

8.6 Coefficients of the reflected operator 

Now, we prove the following proposition: 

Proposition 8.9. Given a family of functions Fk with properties (F), the quadratic 
form A in (18. ip fulfils 

J^*J= E / —TT- ^^^+n{0 + 20, 77 + ZTT - iQ) z^^ {0) {tj) , (8.56) 
^-^ J m\n\ 

m,n=0 

where F^ = Fk{- + ^tt). 

Proof. By Prop. 13. 7[ this is a well-defined element of . So, we need only to show 
that the coefficients /m,n of the right and of the left hand sides of (I8.56P are equal. We 
can rewrite the coefficients of the right hand side as follows: 



6 + iQ,'q + iTT - zO) = Fm+niO + in + iO,r] + 2i7r - zO) 

n m n 

n ( n '^(^'^ ~ n "^(^^ - ^'^)) ^™+-(^ + + ^o, 77 - zo) 



k=l e=l q=l 
q^k 



n m 



n ( n "^(^-^ - n "^(^^ - ^'^)) ( n n - ^*)) ^-+-(^ -to,e+t7r+ 



k=l 1=1 q=l t=l u=l 

q^k 



(8.57) 



where in the first equality we made use of (F3) and in the second equality we used 



(F2) 



One can check that HfeLm+i Ilg^m+i S{rig — rjk) = 1. Hence, we find: 

q^k 

K+ni^ + 10,11 + in- lO) = F„+„,(r7 -iO,e + iTT + iO). (8.58) 



As for the left hand side of (I8.56p . we know that the coefficients of J A* J are given by 
Prop. I3.11j inserting fm}n as the boundary value of Fk, we need to show: 

F,n+niri-i0,e+t7z+t0)= J2 (-l)""5c5ci^c(6>,^)i^„^+n(r)+^0,^+^7r-^0). (8.59) 
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Now, we prove the following lemma: 

Lemma 8.10. There holds the following equality: 

F^+r.{ri~tO,e + t7T + iO)= J2 ScScRc{ri,e)E^+^{fi + iO,e + i'K -tO). (8.60) 

Proof. The proof of this lemma is an application of Prop. IB. 21 with the substitution 
z = {r],6), with the indices p in Prop. IB. 21 labelling the pairs {i,r), 1 < i < n, 
n + l<r<n + m, with the contractions C G Cn,m in place of M C {!,... ,p}, and 
with the following vectors in M""'"'", 

a^e,r) := (0, . . . , 0, 0, . . . , 0, 0, . . . , 0), (8.61) 

£ r 

be := (1,...,^,...,^,^,...,^,...,-1), withC ={n,m,{{i,,r,)}), 

Ij n ri+1 Tj 

(8.62) 

c:=(-l,...,-l,l,...,l_). (8.63) 




We note that a(£,r) ■ &c ^ 0, and that this = when {£,r) is contracted in C; we also 
note that a^i^r) ■ c < 0; so we can apply Prop. IB. 21 We insert the residues of Fm+n given 
by Lemma l8^ into Prop. IB.2j however we note that the orientation of the hyperplanes 
z ■ tti^r = is opposite to the pole hyperplanes in (18.521) . and this gives an additional 
factor (— 1)1*^1. Hence, we obtain 

F^+nir}-iO,0 + i7z + iO) = J2 5cScRc{'n,0)F^+n{fi + iO,e + i7z-iO). (8.64) 

We note that there are sets of pairs {£, r) that cannot form a valid contraction, but 
these cases correspond to residua that vanish. For example for m = 2 and n = 2, let 
us consider the set of pairs {(1, 3), (2, 3)}. This set cannot form a contraction since 
the indices in the pairs are not pairwise different. On the other hand, in Prop. IB. 21 the 
residua on the hyperplanes Cs ~ Ci = ^-nd Cs ~ C2 = "^^r is zero since the function 
F does not depend on the variable Cs after computing the first residue. A second 
example is given by the set of pairs {(1, 2), (3, 4)}; this case also does not form a valid 
contraction since £ <2 and r > 3 are violated. On the other hand, the residua on the 
poles Ci ~ C2 = and Cs ~ C4 = is also zero since two right or two left variables do 
not differ by ivr. □ 

Using Eq. ^Ml, we find: 

F^+ni'n~i0,0 + i7z + i0) = J2 i-iy^^ScjScjRcjiO,'n)F^+nifi + iO,e + in -iO). 

(8.65) 

Now, relabelling the summation index from C to C"^ , we finally find 
Fm+n{'n~i0,e+i7z+i0) = J2 (-l)'^'^C7^c^c(6>,r7)i^m+n(r)+20,^+i7r-?0). (8.66) 

This proves (18.591) and therefore concludes the proof of Prop. 18.91 □ 
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8.7 Locality in a double cone 



The last step that we need in order to conclude that A fulfils the condition (A), namely 
that it is cu- local in the double cone Or, is the following lemma: 



Lemma 8.11. // some functions fulfil the conditions (F), then Fk{ 
them as well. 



itt) fulfil 



Proof. Condition (Fl) is clearly invariant under the translation <^ — )■ (^ + i7z. The same 



is true for conditions (F2) and (F3) since the S-factors depend only on difference of 
rapidities. The poles of the recursion relations depend on differences of rapidities, too, 



so condition (F4) is also invariant under C ^ C + ^'^^ , the shift of iir implies 

/—)■/ + 1. Since Z G Z is arbitrary, this means only a relabelling of the nodes A*^^'-'"'"'^'^ 

J e {0, 



Since I 
.,k}. So, 



condition (F5) 



is invariant. Since sinh(^ + ^tt) = — sinh^, the 
exponential factor in (F6) is invariant under C ~^ C + ^'^^ Moreover, the shift of iir 
implies that the argument of Fk is shifted from ^_ to and from to ^+ + tt, so 
by (F3), condition (F6) is also invariant under the shift <^ — i- ^ + ^^r. □ 



Proof of Theorem \8.1\ We already showed in Sec. 18.11 that A given by (18.11) is a well- 
defined element of Q^. Moreover, we showed in Prop. 18.71 that A is cu-local in W^. 

Now, from Prop. 18. 9[ we know that J A* J is given in the same form as A, just with 
the coefficient functions F^ instead of Fk- We showed in Lemma [8. Ill that in the case 
where Fk fulfils the conditions (F), then {F^) also fulfil the same conditions (F). Then, 
by applying Prop. 18.71 to J A* J, we find that A is w-local in W_r. Thus we have that 
A is w- local in n W_r = Or, and hence it fulfils (A). □ 
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Chapter 9 

Examples of local operators 



We will now discuss some concrete examples for the case S = —1, which fulfil the 
conditions (F) introduced in Chapter O In one of these example we admit only a finite 
number of coefficient functions for even k, which - because of the recursion relation 
- is possible only if S* = — 1; the other example contains a infinite family of coefficient 
functions for odd k. 
For G C", we set 

k 

E(C) = 5^coshO. (9.1) 

i=i 

(the dimensionless energy function). 
9.1 Buchholz- Summers type 

We discuss an example of a local operator similar to the one given by Buchholz and 
Summers in |BS07j. 

Proposition 9.1. We put Fk = for k ^ 2 and we set 

F2(Ci, C2) = sinh ^i^gi^EiO), (9.2) 

where g denotes the Fourier transform of a function g G V{—r, r) for some r > 0. 

The family of functions F^ fulfil the properties (F) with respect to uj{j)) := £log(l+p) 
with I sufficiently large. 

We can show that in this case the recursion relations are trivial. Note also that 
Eq. (15. 4 p becomes 

A=\^ de,de2smh(^^^^yg{fiE{d))z+{e,)z+{d2) 

d9,de2smh(^^^^')gi-fxEie))zi9,)z{9,) 
+ i y rf^irf^2 cosh (^^^^-^)^(/x cosh ^1 -/X cosh ^2)^2+ (^1)^(^2). (9.3) 

so, the Araki sum is finite. 
Proof. We verify conditions (F): 
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(Fl) Analyticity: Since g has compact support, its Fourier transform g is entire ana- 
lytic, sinh, E{Q are entire, too, and the composition of analytic functions is also 
analytic. So, the function F2 is entire analytic. 



(F2) S -symmetry: Since £{(1,(2) = -E'(C2,Ci)) we have 



F2(C2,Ci) = sinh 



^'^g{^^E{C,,Cl)) 



sinh 



C1-C2 



2 \ ~ 



g{^iE{C)) = -F2{CiX2). 

(9.4) 



(F3) S -periodicity: Due to the property of 5'-symmetry, it suffices to show the property 
of periodicity with respect to the variable Ci- Since E{(i + 2111,(2) = E{(iX2), 
then: 

F2(Ci + 2m, C2) = sinh (^^LZ^^^')g(^E{Ci + 2tn, C2)) 



sinh 



C1-C2 



2 \ ~ 



^(/iE(Cl,C2)) = -i^2(Cl,C2). (9.5) 



(F4) Recursion relations: we can show that both sides of (F4) are zero for all k. To see 
this, we consider the left hand side of (F4) Since the function F^, is entire analytic, 
its residua are zero, so the left hand side of (F4) vanishes. Now we consider the 

right hand side of (F4) In the case S = —1 and k even, ^1 — Y[p=i Sp,rnj = 0. If 
k is odd, all the functions F^ are zero by hypothesis. So, in both cases the right 
hand side of (F4) also vanishes. 

(F5) Bounds on nodes: We show that the || ■ ||^xn"'^o^'^ (see Eq. fl2.56p ) of F2 on the 
nodes of Qo is finite. For any j E {0, 1,2}, the nodes of Qo are the points A^^'-'^ 
and A''^'"-'^ We consider only the nodes A*^^'-'-', since the proof is analogous for the 
other points. 



(a) We use Formula fl2.69p and we compute on the node A*^^'"^ the norm II/20II2 



2. 



^^'^ 1/20(^1,^2)1' < de,de2 



sinh 



61 — 62 



2\~ 



(9.6) 



Since g is a Schwartz function, then there is a constant c such that \g{p)\ < 



l+p2 



. Hence 



I d'9\f2oie,,e2)\'< I d'd sinh2( 



01 — 02 



1 + (cosh 6*1 + cosh 6^2 )2/i2 



(9.7) 

Since sinh^ (^^) < cosh^ (^^) < (coshei)^ + (cosh^2)^ the integrand 
function behaves for large 6 as 



sinh 



2 t 01 — 02 



1 + (cosh6'i + cosh^^2)^/^^^ (cosh6'i)2 + (cosh^^2 



(9. 



and, therefore, the integral on the right hand side of (19. 7p is finite. 
By (I2.69P, II/20II2 < 00 implies II/20II2XO < 
(b) By a similar computation in (19. 7p . we have ||/o2||ox2 < 00 on the node A'-^'^^ 
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(c) We use Formula fl2.69p with u{p) = £\og{l +p) and we compute on the node 
A(2.i) the norm Wfne^^^'^^'^Wf. 



de.de^ \fn{0i,02){l + E{0,))-'\' 



ddidd2 



cosh 



g^jicoshOi - /i cosh 612) (1 + ^(6'2))" 



(9.9) 



Using the substitution Xj = sinh -y, dOj 



2dxj 



j = 1, 2, we find 



Lh.s.dH]) 

2dxi 2dx2 



(^Yl^l + x] - xiX2^g{2xl - 2x1)2(1 + xlY 



(9.10) 



where we used that cosh( ^^„^^ ) = cosh y cosh y— sinh ^ sinh y and cosh y 



l + sinh^l, J = 1,2. 



Using y=f < 1, j = 1, 2, and since 11^=1 y ^ + " ^1^2 < (1 + a;i)(l + 
X2) + \xiX2\ < 2(1 + xl){l + x\) (since |x| < 1 + x"^ for x G M), we have: 

Lh.s (8.8) < 16 y cixic/xs (1 + xlf{l + x^)2-2^|^(2x2 - 2x^)p. (9.11) 
Using that \g{j)) \ < q(1 +p^)~^ with £ as above, we find 



Lh.s (8.8) < 16 y" dxidx2 (1 + x?)2(l + x^^^'^^ 



(l+4(x2-xi)2)2^ 



. (9.12) 



Now we perform in (19.12j) the substitution xi = psinip, X2 = pcosy?. As for 
the term l^ ^^^, i+4(j-xi)^ j ' ^ave: 



1 



1 



l + x|l + 4(xf-xi)2 



< 



1 + p2 cos^ 1 + 4p^(cos2 ip — sin^ cp)"^ 
1 

1 + p2 cos^ ip + 4p'^(cos2 V9 — sin^ + . 
1 



1 + p2(cos2 + 4p2(cos2 — sin^ (p)"^^ 



(9.13) 



There holds: 



1 



1 + p2(cos2 ip + 4p2(cos2 V9 — sin^ ip^^ 



1 + Cp2 ! 



P> 1, 
P< 1, 



(9.14) 



where in the upper inequality we made use of the fact that cos^ (y9+4p^(cos^ ip- 
sin^ (py > cos^ if + 4(cos^ ip — sin^ ip)"^ > c > 0. 
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Hence, we have from f l9.12p : 

l.h.s.dnS]) ^ pdpd^ (1 +p2sinV)^(l + P^cosV)^x 



X 



^1 + p^(cos^ if + 4p2(cos^ if — siv? (py)y^ 



< 



(1 + p^(cos2 ip + 4r2(cos^ ip — sin^ {py)y- 
16 (c^g pdpdip (1 + p^ sin^ <^)^(1 + p^ cos^ ip f 

POO 

+ pdpd(f (1 + p'^sin'^ (^^{1 + p'^cos'^ iff 



(9.15) 

The integral in the fourth hne of the formula above is clearly finite. As for 
the integral in the last line, we notice that the integrand function behaves 
like for p >> 1, so this integral is finite if we choose £ sufficiently large. 



(F6) Pointwise hounds: For g G V{—r,r) we have 

\g{lJ,E{Q)\ < iMlig/^''|I™(cof5hfi+coshC2 



/27r 



(9.16) 



and sinh z for z G C is bounded by 
I sinh z I = 



Hence, we have 

1^2(01 



sinh 



2i 



C1-C2 



< 



2i 



(9.17) 



2 \ ~ 



< g|Re(Sj^)| M''|Im(coshCi+coshC2 



< ( cosh Re Ci ) ( cosh Re C2 ) ce 



fj,r{ \ Im sinh Ci |+| Im sinhij2|) 



(9.18) 



where in the last inequality we made use of the equalities Im(sinh z) = cosh(Re z) sin(Im z) 
and Im(cosh2;) = sinh(Rez) sin(Imz) which imply the estimate |Im(coshz)| < 
I Im(sinh2;)|. 

Since e^^'^"'^^^) = (1 + coshz)^, £ = 3, we have from fl9T8|) : 



z 

1^2(01 < cJJ (^e'^icoshReQ)^, 



fir I Im sinh (j \ 



(9.19) 



This is in agreement with condition (F6) because dist(Im^, (?ich^_|_) is bounded 
from above. 



□ 
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9.2 Schroer-Truong type 

Now we discuss an example which is similar to the one given by Schroer and Truong 
in |ST78] , who give examples of local operators in the Ising model as formal series in 
terms of annihilators and creators. 

The test function g which appears in Prop. I9.2l and Prop. l9.1Ul need to be of a certain 
class of test functions similar to Jaffe class, more precisely in the space of functions 
Si^ defined in |Bjo65 Definition 1.8.1]. We do not state the technical definition here, 



but we will remark that this space of test function S^^ is non-trivial since is dense 
in Soj due to |Bjo65[ Proposition 1.8.6] and |Bjo65[ Theorem 1.8.7], and since it was 



already shown in Bjo65 Lemma 1.3.9] that is non-trivial. Further, the functions 
in Sui fulfil specific bounds in momentum space, which are part of the definition |Bjo65 
Definition 1.8.1], and are given by 

supe^^(P)|.9''^(j9)| < oo (9.20) 



for each j e Nq, for each non-negative constant A and for an indicatrix w of a certain 
class, see |Bjo65 Definition 1.3.23]. Note that the indicatrix u{p) in Prop. 19. 2^ given 



by uj{p) = p", with 1/3 < a < 1, belongs to this class. We will make use of these 
bounds in Prop. 19.101 

Most of the material in this section is due to H. Bostelmann. Our task is to prove 
the following proposition: 

Proposition 9.2. Let g G I5(M), g E with the indicatrix uj{p) given by uj{p) = p"', 
with 1/3 < a < 1. We consider the set of meromorphic functions 



k 

(C) = 7T-^^(/ii^(C)) E signalltanh^^^^^^il-^. A: G No, (9.21) 



(A'Ki)^k\- 

o-e62fc+i i=i 

with F2k = for any k. 

The family of functions fulfil the properties (F). 

Proof. The proof of this proposition is given in the following Sec. 19.2.11 and Sec. 19.2.21 

□ 



9.2.1 Elementary properties 

We consider the following building block of the functions F2k+i'- 

TmiC) ^ E ^ig^ ^ n ^"^''''^ ~ where k = [m/2\ , m e Nq. 

o-e6m j=i 

(9.22) 

It is useful to rewrite these in the following way. We call a pairing of m indices a set 
of pairs, P = {(£i, ri), . . . , (£fc, r^)}, with k = [m/2j, where ij,rj G {l,...,m} are 
pairwise different and ij < Vj. This implies that {ij} U {rj} is the whole set {1, . . . , m} 
if m even, except for one element in the case where m is odd, namely {1, . . . , m} \ {m}. 
We denote the set of all pairings of m indices by Vm- The signum of a pairing P is 
defined as 




1 2 3 4 ■■■ 2A;-1 2k 



signP-< _ /i 2 3 4 ■■■ 2A;-1 2k m\ ^^'^^^ 



'i2 r2 ■ ■■ Ik Tk m 



if m even 
if m odd 
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Note that this definition does not depend on the order of pairs {ij,rj). 
Using these definitions, we can express the function as 

T^(C)= sig^^ n tanh^^. (9.24) 

PePm (^,r)6P 

Note that here P corresponds to 2^A;! permutations a in the sum fl9.2ip : these come 
from permuting the pairs among each other {k\ possibihties) and exchanging the two 
elements in each pair (2^^ possibihties). 

For real arguments Tm is evidently bounded. We conjecture a specific bound which 
plays some role in our argument. It will become useful in Sec. I9.2.2[ when we will need 



to discuss condition (F5) 



Conjecture 9.3. We have |T„(0)| < 1 for all E W. 

While we have not been able to prove this in full, there is strong evidence that the 
conjecture is true. 

First, we have verified numerically up to m = 11 by evaluating at a large number 
of randomly chosen points. 

Second, we sketch an argument for a rigorous proof. With the substitution Xj := 

* 

tanh y, the function becomes 



TUx)= J2 ^^SnP n T^-^- (9-25) 

1 — XgXr 

P&Vm {e,r)eP 



This is now defined on the cube x G (—1, 1)™". On the boundary of the cube, that is 
when one component of x is equal to ±1, it is easy to see that 

Tm{x) = ±T™-i(&), (9.26) 

where x := {xi, . . . , ±1, . . . , Xm)- 

Therefore, if we can show that takes its extrema at the boundary, then the 
conjectured bound follows by induction. In fact, we verified for m < 4 that the following 
formula holds 

log \T^{ax) \ = -J2 (9.27) 



da 



The right hand side is clearly positive for a G (0, 1) and x G (—1, 1)"*. Therefore, if 
Eq. fl9.27p holds for all m, then since Tm(0) = 0, the function does take its extrema at 
the boundary and therefore the conjecture would be proven. 
We prove some further results about T^. 

Lemma 9.4. For any 1 < i < j < m, 

res = 2(-l)^+-'T^„2(C), (9-28) 

where C = (Ci, • • • , 6, • • • , 0, • • • Cm) • 

Proof. Writing as in f l9.24p . it is clear that only pairings P with G P contribute 
to the residuum. Writing therefore P = P'(j{{i, j)}, we have 

res Tm = signP res tanh — — TT tanh^^ — —. (9.29) 
'^-'^=- P^^ '^-'^=- 2 ^^11^, 2 
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One notes that res^^._^_j7r tanh 
(— 1)*+-'+^ signP': Indeed, the passage 

P = 



—2 and, from Eq. (19.231) . we have signP 



1 2 



J 



2k-l 2k 

4 Tk 

1 2 ■■■ 

n ■■■ 



i + l 



2k-l 2k 



(9.30) 



corresponds to permuting the i-column to the right (or, equivalently, the j-column to 
the left) and the sign of this permutation is (— l)*"-^"*"^. 

Inserting this in (I9.29p . we find immediately (I9.28p . □ 



Using fl9.24p . we can rewrite the meromorphic functions -F2fc+i as 

1 



2fc+l 



(C) 



(27ri) 



(9.31) 



Using f l9.24p and the result in Lemma 19. 4^ now it is easy to check that the functions 



Fk above fulfil the conditions (Fl) , (F2) , (F3) , (F4) , (F6) 



Indeed, these functions Fk are analytic if Im^j < Im^j < Im^j + vr (i < j) because 
the factors tanh are analytic in this domain (they have a pole at Im(^j — ImQ = it); 
(note that it is enough to check this for Im^j < Im^j, i < j, since (Fl) requires so). 



Hence they satisfy property (Fl) 



From (I9.2ip we can see that they are antisymmetric (F2) , due to the fact that 



tanh ( 



tanh ( ^ 



Since tanh(2; + i7r) = tanh(2;), they are also ( 2 vri) -periodic in each variable (F3) 
note that in this case the S'-factor in (F3) is equal to 1. 
Now we compute 



we 



res Fafc+i 



(27ri) 



res T2fc+i(C) 

Cj-Ci="r Ci-Ci=«'r 



2(_l)i+i 
27ri 



F2,_i(0, (9.32) 



ZTT, 



where in the second equality we used Lemma 19.41 Note that on the pole Q — Q 
cosh^j = — cosh^j-; this implies that -E(C) on the pole becomes -E(C)- 

This gives the condition (F4) , where we note that in the case S = —1, the factor 
(1 — rip'S'm.p) becomes 2 and the factor Y['i=m^j,m becomes (_i)"^-"+i. 



In the following proposition, we show the bound (F6) 



Proposition 9.5. Ifr>0, and supp(7 C (— r, r), then the F2k+i fulfil (F6) with this 
constant r. 



Proof. From fl9.3ip we want to compute bounds for 

1 



2fc+l 



(01 



(27rz) 



^|^(/iE(C))|-|T2,+i(OI 



(9.33) 



for all C e r(ich 



±) 



As for the bound on we can show that the support properties of g imply 

|^(p + ^g)|<^e^lf 

V 111 



(9.34) 
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Indeed, we have 



\gip + iq)\ 



< 



< 



2tx 
1 



27r 
1 



sup 

klkgr|g|_ 



^a,|e»(p+i<?)-^| 

i{p+iq)-x I 



dx \g{x) 



(9.35) 



Now if we take C, of the form C,^ + iXe^^\ where Im^° is a node of the graph Qi, then 
we have 



|Imi?((^)| = |Imcosh(<^° + zA)| < sinh|Re Cj| sin A < cosh ( Re Cj) sin A. 



Hence, we have from fl9.34p : 



|^(/.E(C))|<^e 



^11 1 ^fir cosh(Re fj) sin A 

2^ 



(9.36) 



(9.37) 



Now it remains to find bounds on T2k+i{C)- To find these bounds, we consider the 
function 

^,^^±!![tanh|. (9.38) 

This function has poles at z = i, z = iivr; so it is clearly analytic on — tt < Im^ < 0. 
We can show that this function is bounded on the strip — vr < Im^ < 0. Indeed, for 
Rez — )■ cxD one has |tanh|| < 1 and Ifzff | < 1; on every compact set on the real line 
and for Imz G [— tt, 0], the only crucial point is the behaviour of the function in the 
limit z — )■ —in (since the other pole at z = i is excluded in the interval Im^; G [— vr, 0]); 
for z -in one has tanh f ^ + . . ., and hence tanh f ^ ^±12l^^ + . . .: so 



the function is continuous on the compact set, and therefore it is bounded. 
Hence we can find a constant c'^ > such that 



z + in z . 

tanh - < Ci . 

z-i T - ^ 



(9.39) 



This implies: 

I (2; + ivr) tanh - 1 < 



c'l \z 



< c;V(Rez)2 + (7r + l)2 

< Ci(|Rez| +7r + l) 



/ Re 2; \ 



vr + 1 

< Ci(|Rez| + l) whenever — 7r<Imz<0, (9.40) 



smce 



1 <1. 



vr+l 



Also, since |tanh|| < 1, we have from the equation above 

U + ivrl < ci(|Re 2;| + 1) whenever — 7r<Im2;<0. 



(9.41) 
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Now we can compute for any with ImCi < . . . < Im (^2/0+1 < Ini^i + vr the following 
estimate, 

T2k+iic)ii{Q-Q+^^)\<\ Yi n t^^^^^n(^«-^^-+^^^ 

i<j PeV2k+i {e,r)eP i<j 

^ E n |(0-Cr + ^vr)tanh^^| J] \0 ' Q + (9-42) 

where in the first equality we used fl9.24p and where in the second inequality we split 
the product ni<jlO - + into n(^,r)eplO - Cr + «vr| HcijO^pIO - 

We estimate the first product in the second line of (19.421) using (19.401) and the 
second product using (I9.4ip . we find 



^ H W Ci(|ReO-ReCr| + l) n Ci(|ReO-ReO| + l) 

< y: cf-^^/'n(ii^^c.-Reoi+i) 

< \V2k+i\c1^'''^^'l[{\ReQ-ReQ\ + l), (9.43) 

where in the second inequality we used that the number of pairs with i < j 

is k{k - l)/2, and that n(£,Oep(|R^eO - ReCr-l + l)U(i,j)^pi\'^^Ci ' ReCil + 1) = 
n2<j(l R^Ci ~ Re 01 + !)• In fhs third inequality we denoted the sum of the pairings 
P e V2k+i by \V2k+i\- 

At fixed k, the right-hand side is bounded by a polynomial in the Re^j; more pre- 
cisely, by multiplying out the sum (| ReO| -|- | Re^jl -|- 1) in the first line and estimating 
each term of the sum by 11^=1^(1 Re Cj I '•^'^^"^^'^ + 1); 'we get 

JJ(|ReO-ReOI + l) < Hd^^^^l + 1^^01 + 1) 

i<j 

2k+l 



i<j i<j 

2k+l 



2k+l 



< 4e^?-'l^^^^l. (9.44) 
Hence we can find a constant C2 > such that we have from (I9.43P 



2k+l 



|T2fc+i(C)| < C2(ni0 - Cj + ^^\-') exp ( 5^|ReC,|). (9.45) 

i<j j=l 

Since with uj{p) ~ p", < a < 1, we have e'^'^^^l < e'^(^°^^°<^^)). Equations flOTjl . 



(I9.37P and (I9.45P together imply the estimate needed for (F6) □ 
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We have shown that the family of functions F2k+i given by f l9.3ip fulfil the conditions 



(Fl) , (F2) , (F3) , (F4) and (F6) of the theorem, but we have not yet shown that they 
fulfil (F5) This will be discussed in the next subsection. 



9.2.2 Operator bounds and domain 

In order to show that the family of functions -F2fc+i are the Araki coefficients of a local 
operator, we need to show that, setting fmni.Q^'n) = Fm+ni^yV + ^tt — iO), the norm 
ll/mn||mxn finite, as required by (F5) Moreover, we compute estimates for ||/„ 



which imply that the Araki series 



mini 



imnWmxn 



(9.46) 



is summable when we apply it to vectors of a certain class; we use this to show that 
A is a closable operator on a dense domain (see Prop. 14. 5p . After lots of preparations, 
the main result of this section will be Theorem 19.131 

In order to compute these estimates, we start by introducing some notation. Given 
a smooth function of two real variables, that we call K, we define the following quantity: 



9 



V 



(9.47) 



We can extend this definition to the diagonal 9 = rj hj taking the limit of fl9.47p for 
9 ^ rj. We will now show that this 6K is a smooth function (this will become useful 
later on, for example in Eq. fl9.80p ). First of all, we know that the limit 



lim 



K{9,ri) - K{ri,ri) d 



9 



V 



d9 



K{9,v)\ 



(9.48) 



exist because by hypothesis K is a, smooth function. Then we need to show that the 
function defined for 9 ^ rj by ^^^''^^^'^^^^''^^ and ior 9 = r] by -^K{9,ri)\^^^ is smooth. 
We use the fact that a function is smooth if and only if it has a Taylor expansion of 
all orders. Since K is smooth we can write its Taylor expansion around 9 = 7]: 

(9.49) 

with \R\ < c\9 ~ r]\'' . This implies that the function {K{9,ri) — K{ri,ri))/{9 — rf) has a 
Taylor expansion around 9 = 7] given by: 



K{9,r])~K{r],r]) 



9 



9 



\k-2 



^K"{7],7]) + ...+ ^^.^ K^'-'\r],r])+R' (9.50) 



with R' := We have \R'\ < c\9 — r]\ . So, this function has also a Taylor 

expansion, but of order k — 2, and therefore it is {k — 2)-times differentiable. Since this 
holds for all k, then SK is smooth. 

We can rewrite fl9.47p as a Taylor expansion where the function 6K is used as a 
Taylor remainder term: 



Ki9,v) = Kir^,r^) + i9-v)5Ki9,r^). 



(9.51) 
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In the case where K depends on several variables, K : x — )• C, then similarly 
to f l9.47p we can define 6jK{6, ry) as: 



Kie, ry) - Kie,, ...,e,., , r]„ 9,+,, ...,9, 

^3 - Vj 



We can also define for k < max(m, n) and J = {ji, . . . ji} C {1, . . . , /c}, the quantity 
5jK := Sj^ . . -Sj^K; we notice that this does not depend on the order of the indices 
ji, . . . We can then generalize Eq. fl9.5ip . and we have 



JC{l,...,k} jdJ 

9j if j G J or j > k, 



(9.53) 



where 9j 



rjj otherwise, 



where k is some integer with k < m. 

We can prove fl9.53p using induction on k. Using 

Ejcji fcl = Ejc{i,...,fc} + E./c{i,...,fc}, we can write 
leJ 10J 



Jc{i,...,fc} ieJ 

Jc{i,...,fc} jeJ Jc{i,...,fc} jeJ 

leJ i^J 

Jc{2,...,fc} ieJ 

Jc{2,...,k} jeJ 

= {9, - v,)6, ( n(^^- - ^^•))^^-^ • • • ^^MO'^^'l rj) + ir(r/i, ^, ry) 

Jc{2,...,fc} ieJ 

= (^1 - r]i)5^K{9^, e, rj) - K{r],, 6, rj) = K{e, ry), 

(9.54) 

where in the last equality we made use of (19.510 . 

We use these definitions to obtain estimates of certain integral kernels, as we can 
see in the following. 

Lemma 9.6. Let K : x R" — )• C &e smooth, and k < max(m, n). Then, 

k 



JC{l,...,fc} 



where 



5jKfj= [ dOjdrj J sup \S J K{0-\r})\'^. (9.56) 

J rjjc 



(We denote with dj the components 9j with j E J or j > k, and r]j, rjjc analogously.) 
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Proof. We consider the special case where m = n = k. We consider f,g & L'^{M.''). 
Inserting fl9.53p . we find 

k 

d'e fie)giri)Kie, r)) n g _ ^ ^ 

j=l 3 ^ 

k 

= Yl I A m9iri)SjK{d', ry) Hie, - ^ , _ ] ^ 

JC{l,...,k} jdJ j = i ^ 

= Yl f d'Od'vfie)giri)5jK{0-',rj)ll^-^^. (9.57) 

JC{l,...,k} j^J ^ 



= -Ij 



We estimate the integral Ij in the following way. We first split d^6 = (Ylj&j '^%) (Ili^j 
(the same for d^rj), we have 



where i^(^, 77) = ^ ([[dr],)g{'n)6jK{e' ,7)). 



(9.5^ 



We notice that K depends only on 6j, j G J, and on rjj, j ^ J. Then we realize that 
the inner integral can be seen as the convolution of / with {rij — 6j ± zO)~^. 



= |/(n*b)(^;^'/)(%W«.*')|- 

The expression above can be estimated in Fourier space considering that by Fourier 
transform that convolution becomes a multiplication with -\/27r0(±p). 

i.h.s.dnsnD = I / ill^pj){-r^l-^* f)iPj)ho,p) 

l[dp,){27r)\'''\Q{±Pj)f{p,)k{0,p)\ 

(nrfp,)l(2vr)i-^^ie(±p,)/(p,)p)'^7 / (^dp,)\k(e,vr^"^ 



< 



[ {i[dp,)\f{pj)\'Y\ I {\{dp,)\k{o,p)\^'""' 

(2vr)i^^i( j {\{de,)\f{e,)\')"\ j {\{dr^,)\k{eM 



(9.60) 
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Inserting into fl9.58p . and since \ J'^\ < k, we obtain the estimate: 



1/2 



(9.61^ 



Applying the Cauchy-Schwarz inequahty with respect to the 9j (j G J) integrals, we 
find 



1/2 



:l[de,)C[ldvj)\Ki0,'h) 



1/2 



\K\\o. 



(9.62) 



We insert the definition of K f l9.58p and we apply the Cauchy-Schwarz inequality to 
the rjj {j G J) integrals, we arrive at 



(9.63) 



<(27r)'=||/||2||^||2-( / (n^M^^) IW^',^)r) 



1/2 



< {2nnfh\\gh\\6jK\\j. 

Inserting the estimate above in (I9.57p . we find the result in Lemma 19.61 in the case 
m = n = k. 

The more general statement (also for m,n k) can then be obtained using the 
Cauchy-Schwarz inequality in the following way. We denote with and fi the first k 
variables in and in r], respectively. We can write 



k 

KiO^rj)]!- 



sup 

I/I|2<1 
Ifir|l2<l 



sup / dOdi) 

\fh<i 

|S||2<1 



k 

[ dOdOdfidf, K{e, 0, fi, fi) TT ^ — ^—zfio, e)gif,, r)) 
J J=i - Vj ± ^0 

k 

[ d~9df,KCe,e,f,,f,)f\^ — - 

•J ,=1 ^3 - V: 



— fjj ± iO 



fi9,e)g{fi,fi) . (9.64) 



We apply the result for m = n = k, discussed above, and we find 

k 



<{2n)' J2 /c^^c?r7 sup ||5jK((^,0)^(f7,77))||2||/(^, 61)11211^(^,77)112, 

T^r-, ,^1 Il/ll2<l J Vjd^J 



(9.65) 
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where the norms in the equation above are taken with respect to the 6 , 77 variables. 
Using the Cauchy-Schwarz inequahty, we find 



Jc{i,...,fc} 



Il9i|2<l 



JC{l,...,fc} 

which is the desired result in Lemma 19.61 

We use this result to obtain estimates for more general integral kernels. 
Lemma 9.7. Let K : x R" C be smooth, and k < min(m,n). Then, 

k 



(9.66) 



□ 



K{e,'n)Y[coth 



9j — r]j ± iO 



Jc{i,...,fc} 



(9.67) 



Proof. We consider the function L{x) := cothx — x^^; this function is real analytic; 
there is actually no pole at x = since lim^_^o(cothx— x"^) ~ x^^—x^^ = 0. Moreover, 
by computing the extrema of this function, we can show that | cothx — x^^\ < 1 for all 

X e M. 

We have 



ir(6>, 77) JJ coth 



9j — rij ± iO I 



K{e,rj)l[(L 



+ 



< 



E hie, 'n)(l[L 



JC{l,...,fc} 



y: 2i^i||mr7)(n^( 



^3 - Vj 



9j — Tjj ± iO 
2 

9j — Tjj ± iO 



JC{l,...,fc} 



n 

n 



■■K{e,r,) 



(9.68) 



where in the first equality we wrote cothx = L{x) + x~^ and in the second inequality 
we used the distributional law. 

Now we can apply Lemma 19.61 with K in place of K, we have 



(9.69) 



ICJ 



Hence, we find from fl9.68p . 

9j — Tjj ± iO 



K{e,r]) Ylcoth 



Jc{i,...,fc} icJ 

JC{1,...,A:} ICJ 
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Note that for any J C J, we find 
¥iK\\] = 



W d6idr]i 

i&I 

— IT 

\k \2\ 



sup \6jK{e',ri)\'-(^l[L 



^] - Vj 



Inserting this into (19.701) and noting that ||iv||oo < 1, we obtain 

9j — rjj ± iO 



(9.71) 



K{6,'n)Y[coth' 



JC{l,...,fc} ICJ 
IC{l,...,k} 



(9.72) 



where in the second inequahty we used that there are at most 2^^ sets J that we can 
insert between / and {1, . . . , k}: / C J C {1, . . . , k}, and that \J\ < k. This gives the 



resuh in Lemma 19.71 



□ 



We computed the estimates above on the remainder terms 6jK{0'^ , rf). But it can be 
hard to compute these estimates in the examples. So, we try instead to relate them to 
the partial derivatives of K near the diagonal, which are more simple to compute. We 
present the relation between the estimates on 5jK{0^ , rf) and on the partial derivatives 
of K in the following proposition. 

Proposition 9.8. Let K : R™ x R" -> C he smooth, and k < min(m, n). Let L : 
R™ X R" ^ R+ and e : M" ^ (0, 1] be continuous such thaE 



WNG{l,...,k}: 



6, rf) < L{0'^ , T]) whenever \0j—rij\ < e{r]) for all j G A^. 



09^ 

Then, for all J G {1, . . . , k}, 

||5ji^||j<8l^l5^||6(r7)-l^lL(0^^r7) 



IJ- 



(9.73) 
(9.74) 



MCJ 



Note: In the norm ||e(77) ^'^^L{6^\r])\\j, the integrations are not performed with 



M 



respect to the variables 9j "removed" in 6 

Proof. First we want to prove that for all k, m, n, L with the restrictions above, and 
all J C {1, ... , k}, there holds 

[ sup \6jK{e','n)\'d9j < 16^'^ J2e{ri)-'^'^ [ d9M sup 1(6^', rjf, (9.75) 

where d9M = HjeAf ^^j- 

We prove this using induction on \J\. 

For I J| =0, namely for J = 0, formula fl9.75p reads 

sup \K{T]i,...,rik,9k+i,...,9m,ri)\'^< sup L{r]i, . . . ,rik,9k+i, . . . ,9m,'nY (9-76) 



'We write OBn = UjeN 90 j. 
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by definition of 6^ and 0^ given in f l9.53p . and since M = 0. 

Tliis is just f l9.73p witli = 0, 9j = rjj (j < k) and by tlie definition of 0^ given 
in f l933|) . 

Now consider tlie case J ^ ^. By renumbering of tlie variables, we can assume tliat 
1 G J and write J = {1}UJ. 

Tlien we split the integral in fl9.75p into the sum of two integrals, one with |^i — r^i | < 
e{r]) and one with \9i — rii\ > e{r]). 

First we consider the integral f l9.75p with \9i — r^il < e{r]). We write 6 = {9i,0), 
rj = (r/i, f)), and we define (similarly to fl9.47p ): 



9i-Vi 



(9.77) 



where K{0,f]) depends parametrically on 9i,r]i. We can show that 5jK = SjK. 
Indeed, using fl9.47p . we can rewrite fl9.77p as 



(9.78) 



Setting J = {1}UJ, with J = {j2, ■ ■ ■ ,ji} C {2, . . . , k}, and recalling the definitions of 
SjK and J after fl9.52p . we have 



(9.79) 



By definition fl9.77p . and since K is a continuous and differentiable function on the 
interval \9i — ?7i| < e(?7), we can apply the mean value theorem, and we have 



i^(^,^) = |^(e,^,^i,^) 
where ^ depends on the variables 0, rj but |^ — 77i| < e(?7); hence, we have that 



(9.80) 



ViVc{2,...,A;}: 



89 



0,fi) 



N 



d9id9 



N 



< sup 

\i~vi\<<v) 



d9id9 



N 



< L(0^^\iil, n) = Liv,, 0^'\^'\rf) = L{e''\ r7), (9.81 



where in the first equality we made use of f l9.80p , where in the third inequality we used 
(19.731) . and in the last equality we defined L{6,f]) := L{rii, 0, t]), which depends on rji 
as a parameter. So, we have shown that K fulfils the hypothesis (I9.73P of the Prop. 19.81 
with respect to L. Hence, we can apply Prop. 19.81 with respect to K, L, J (induction 
hypothesis). We get 



/ d9j sup \6jK{e',r))\^ 

J \ei-rii\<e{ri) Vjd&J" 



\Si~Vi\<<v) 



d9i / d9j sup \Sjk{0 ,f])\' 



< 



2e(r;)16l^l e(r;)-'l'^l / d9M sup Lie^^f]) 



MdJ 



<\lQ\J\y^e{ri)-^\'\ [d9M sup 1(6'', r,)', (9.82) 



where in first equality we used that 6jk = 6jK, and J = {1}UJ so that we can split 
the integral in 9j into the integrals in 9i and 9j. In the second inequality we used that 
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I\ei-rti\<t(r]) '^^1 ~ 2e(77) and we applied fl9.74p . with K and J in place of K and J, to 

J dO j\S jK{6 ,77)1^; in the last inequality we used that \J\ > \J\ and therefore that if 

M C J, then M C J; also, since \J\ > \J\, then e(77)~^l-^l < e(T7)"^l'^l. We also used 
that e{r]) < 1, so that the factor e{r]) is estimated by 1 in the last inequality. Moreover, 

using the definition L{6, rf) := L{r]i, 6, rj), we can write L{6 , 77) = L(r]i, , rj) with 
M G J; on the other hand, since 1 ^ M the right hand side is the same as L{6^^ , rj), 
with M e J. Finally, since | J| = | J| - 1, then 2 ■ 161-^1 = 2 ■ 161-^1 ■ 1/16 = 161-^1 ■ 1/8. 

Now we consider the part of the integral fl9.75p with |6'i — ?7i| > e{r}). We use that 
J = {1}UJ and, by definition of SiK{e,'n) = {K{e,r]) - K{rii, e,'n)) / {9i - rji), we 
have that 



9i -rji 6*1 - rii 

(9.83) 

where in the last equality we used that 1 ^ J. 

From the equation above, we compute the estimate 

\6jK{e', ri)\' < ^o^l^^y ilWe', r/) r + \SjK{e', rj) \') . (9.84) 

We consider the first summand on the r.h.s.. We consider K as a function of m + n — 2 
variables, regarding the dependence on 6i,rii as parameters. We know that it fulfils 
fl9.73p . so we can apply fl9.74p with J in place of J (induction hypothesis) (see the 
second inequality of the equation below). 

J \ei-rii\>eiri) [^1 - Vl) rjj,jeJ<^ 



( / de, \ ) I dOj sup \5jK{e^'^''-\r^) 

<Ae{rj)-HQ\'\y2e{ri)-^\'\ [ dO,:, sup L(0^i>^^^ 77)^ 



MCJ 



< he^MriHrir'^'^-' [d(^'^ ^(^'''^)' 

< hQ\\{rj)-^\^\ V / dOM sup Lie'^T])' 



(9.85) 



where in the second inequality we computed the integral 



2 f°° 2 n^'" 2 4 

|0i-ml>e(r?) ^^^(^1 - Vlf Jrn+e (^1 - ^l)^ ^ J oo (^1 " Vlf ^' ^^'^^^ 

In the last inequality in fl9.85p we used the substitution M = M U {1}. Since M G J, 
then M G J; we also replaced the integral in Oj^;^ with the integral in 6m, noting that 
in the case where 1 G M, we are integrating over more terms (than before) which are 
however positive. We also used e{r}) < 1. 

Now we consider the integral over the second summand in fl9.84p . we apply (I9.74p 
to K{rii, 6*2, ... , 9m, v) cind L{r]i, 62, ■ ■ ■ , Om, vi) functions of m + n — 2 variables, 
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parametrically dependent on r]i, and with J in place of J (induction hypothesis) (see 
the second inequahty below), and we obtain 



/ dej ^ sup \6jK{0',ri)\' 



2 



^^177^ — / ^^J sup \6jK{e-^,r]) 



< ( I de. ^ ^ .J 161^1 e{ri)-^\^\ [ dBu sup L{e^\^f 

< ie(77)-'l'll6l"l 5^ /"f/^M sup^L(0*^77)', (9.87) 

MCJ VjJ&J" 

where we have used e{r}) < 1. 

Now we can sum the three estimates fl9.82p . fl9.85l) . fl9.87p . and we find fl9.75p . 
Then we integrate fl9.75p over t] and we get 

\\6jK{e\rj)rj < 161^1 5^||6(r7)-^l^lL(0^^r7)ir„ (9.88) 

A/CJ 



To pass from (19.880 to fl9.74p we need to take the square root of both sides in (jHI 



IW^',r7)|h<4l^l /$^||6(r7)-2ML(0^^r7)||i. (9.89) 



McJ 



Now we use the usual estimate of the £^ norm against the norm: for a vector a G M", 
we have ■sjYlj kiP — Ylj Wjl'i noting that the sum on the r.h.s. has 2'"^' summands, 
we finally find 

||W^-',r7)||2<8l^l 5^||e(r7)-2|-^lL(0^^r7)||2. (9.90) 

McJ 

□ 

Remark: To prove the results in the following Lemma [9.91 and Prop. I9.10[ we need 
the following estimates. 

For fixed < a < 1, we can show that there is a constant Cq > such that for all 
a,beR, 

c-'(i«r + m > + \b\r > caHar + m. (9.91) 

This follows from the fact that the function (|ci|" + |&|")/(|a| + |6|)" is homogeneous of 
order 0, and continuous and non-zero on the unit circle. See Sec 12.51 for details on the 
argument. In particular we find from there that 

m(\a\ + \b\r < lar + 161" < M(\a\ + 161)" < — (lal" + |6r). (9.92) 

m 

By setting := 1/m and Cq, := 1/m, we find (19.911) . 
Another estimate that one can obtain from (I9.9ip is 

CaW^r + \bn > l« ± &r > c«|a|" - |6|", (9.93) 
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and the same with a and b exchanged. 

To show the right inequahty in f l9.93p . we consider the left inequahty in f l9.9ip and 
we replace a with a ± 6, we find: 

c-Wa ± + > (|a ±b\ + (9.94) 

By moving Cq, and to the right hand side of the inequality, we get 

\a ± b\" > c«(|a ± 6| + - (9.95) 

Since |a ± 6| > | |a| — \b\\, we find 

\a ± > Ca{\a ±b\ + |6|)" - > c„(|a| - |6| + |6|)" - = c^lap - (9.96) 

Therefore, 

|a±6|" > c«|a|" - (9.97) 

To show the left inequality in fl9.93p . we consider again the left inequality in fl9.9ip . 
Since \a\ + \b\ > |a ± 6|, we have 

c~Wa\" + \b\") > {\a\ + \b\y >\a± (9.98) 

and therefore: 

c'Wal'' + \b\'') >\a±b\°. (9.99) 
Another estimate that one also can have by choosing < 1, is the following: 

\a - 6|" + > y (|a|" + |6|"). (9.100) 

To prove this inequality, we consider f l9.93p : it follows from this formula that 

\a - + > Ca\a - 6 + 6|" = c«|a|°. (9.101) 

Choosing Cq, < 1, we have also 

|a-6|" + > > c«|6|". (9.102) 

Taking the sum member by member of the two equations above, we have 

2(|a - b\" + |6|") > c«(|a|" + |6|") (9.103) 

and therefore we find (19.1001) . 

Now we want to compute the || ■ ||mxn of certain concrete functions; in view of 
Lemma 19. 6[ this will mean to compute the norm of certain exponentials in the 
simplest case. We have the following lemma: 

Lemma 9.9. Let < a < 1, P > 0, m,n e No- Let K : R"" x W ^ C be given by 

K{e,r)) =exp(-/3E(r7)°)exp(-/3|^(6>) -E(r7)|"). (9.104) 
Then, there is > (depending on a only) such that 

\\K\\l < C+"/3"('"+")/2"7„(m)7«(n), (9.105) 

where 

7„(0):=1, 7„(A;):=lM^/orfcGN. (9.106) 
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Proof. We consider the integral 

= J dOdr] exp ( - 2/3|E(6/) - E(r7)|° - 2/3|E(r7)|°), (9.107) 

and we perform the substitution 

= sinh|, -^$^ = de^, E{d) = 2p^ + m, (9.108) 
2 ^/pf + 1 

and Qi = sinh rii/2 in analogous way. We find 



1/2 



/IIV It 
dpdq[\{{l+pl)-"'^)(j{{l+q'^)-' 
i=i j=i 

X exp ( - 2/3|2p2 -2q^ + m- - 2[3\2q^ + 



(9.109) 



We use the inequality fl9.100p . and the estimates I + pf > 1, ^ + qf > 1 (hence we 
estimate UT=ii^ + pfV^^^ < 1 and n"=i(l + QjV^^'^ < 1), and we get 



\K\\l < 2^"+" J dpdq exp ( - /3c«|2p2 + m\" - /3c«|2q^ + n|"). 



(9.110) 



We notice that in the integral above the dependence on the variables p, q factorizes; 
first we consider the integral on dp, in the case m > 1. 

We perform the substitution with polar coordinates p = pe{Q), dp = p'^'^dpdQ, 
where f dQ = 2n"'/^/T{f). Since m > 1, we can drop the dependence on m in the 
exponent, we get 



dpexp(-/3cj2p2 + mn < __ dpp"'~' exp(-/3c„2>' 



X-i r(m/2«) ^™._V2a . . .9 
(/30V2«; a r(m/2) " ^"^^ ^ ^ ^ 



where > is a suitable constant also involving tx I2l cd'^"' . 

To prove the second equality in the above equation we used the representation of 
the gamma function: for 2; G C, r(2;) = Jq°° e~H^~^dt. By the substitution 

t = /3c„2V", dp = cit(l/t)(l/(2a))(t/(/3c^2°))V2a^ ^m-i _ (t/(/3c„2"))('"-i)/2", we 
find 

27r™/2 /-oo 

dpp'"-^exp(-/3c«2V) 



r 



27r'"/2 1 / 1 Nl/2a/ 1 x(m-l)/2, 



r(f ) 2a V/3c„2"7 V2a/ 



I / dtt^-^e~* 







\"^1 r(m/2a) 



(/9c„)i/2"/ a r(m/2) 



, (9.112) 



where in the last equality we used that dtt^~^e~^ = T(m/2a). 

We can find an analogous result for the integral on dq in the case n > 1. Multiplying 
the two results in fl9.110p and redefining the constant da, we find fl9.105p . 
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We will compute separately in the cases m = or n = the norm ||-ft'||2 using the 
definition (19.1041) . For example, in the case n = and m 7^ 0, we have 



deexp{-2/3\E{0)\") < 2"^ / dpexp{-2(3\2p^ + m\'') (9.113) 



de\K{e, 



where in the second inequality we performed the change of variables after (I9.107P and 
we used that Hilill ^ 1- Using the same argument as before in (I9.11ip . we 

find 

11^112 < (9.114) 

Here it enters the requirement that 7q(0) := 1 in (I9.105P : This is in order to match 
the result of our direct computation above with equation (I9.105p in the case n = and 
m^O. □ 

Combining the results above we compute estimates on the integral kernels which 
are more interesting for the example. 

Proposition 9.10. Let < « < 1, m,n G Nq, and k < min(m, n). Let (7 : M — ^ C be 

smooth and c > such that 



dpi 



(p) <cexp(-|p|") for aliped, Q<] <k. 



Let K -.W^ C he defined by 



exp{E{r}Y 



Y[ coth 



(9.115) 



(9.116) 



Then, there are constants c' > 0, d > (depending on c, a, and k, but not on m or n) 
such that 

Proof. We have from Lemma 19.71 that 



\K\ 



g{E{e) - E{r,)\ ^ ^^^^ 9,-r^,±z0 



exp{E{r]Y 



<{8nf \\SjK'{e-\ri)\\j, 

i=l JC{l,...,fc} 

(9.118) 

where K'{6,'n) = g{E{0) - E{r])) ex^{-E{r]Y). 

Using Proposition 19.81 we want to estimate SjK'. So, we need to check that K' 
fulfils the hypothesis (19.731) of the proposition. So, we need to compute an estimate for 
the following quantity 



36 



N 



06 



N 



{E{e)-E{ri))exp{-E{ri) 



(9.119) 



After computing one by one these derivatives, applying repeatedly the chain rule, 

p = £(9) -£(,,), jeiV, 



we find that the partial derivatives of K' are 

[0, r7) = ( n sinh ^ {E{e) - E{rj)) exp{-E{rj) 



36 



N 



(9.120) 



(9.121) 
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Using the hypothesis (19.1151) . we compute the following estimate 
■{E{e) - E{rj)) < cexp{-\E{e) - E{r^)\") 



d\N\g 



< cexp{\E{0) - E(6>^')|") exp(-c„|E(6>^') - ^(r/)]"), 

(9.122) 

where in the second inequality we made use of f l9.93p (right inequality): l-E'(^) — 
E(6>^') + E{e^') - E{rj)\ > c^\E{e^^) - E{ri)\^ - \E{0) - E(6>^')|". 
Now we compute an estimate for \E{6) — E(0^ )|; we have 

\E{0) - E{0^')\ = I J^cosh^j - ^coshr^jl < ^ | cosh^^- - coshr^j]. (9.123) 

jeN jeN jeN 

To estimate cosh^j — coshr^^, we set e{r]) := (4 ]^^^-^ coshr^j)^^. If we consider the 
closed interval \6j — rij\ < e{r}), then we can apply the mean value theorem, and we 
have 

I cosh 6*-,- — cosh?7j| = | sinh^| ■ \9j — rij\ 

< e(r7) sup{sinh |^| : \^ - r]j\ < eir])} 

< - — 3- — sinh(|?7j| + e(77)) 

4coshr/, ^9-^24) 

= — (sinh \r]j \ cosh 6(77) + coshr/j sinhe(T7)) 

~r COSH T^j 

4 V coshr^j 

< ^2 cosh 5(77) = ^ cosh 5(77) ~ ^ < 1 

where in the third inequality we used that ^1^=1 cosh?7j > cosh?7j and therefore e{r}) = 
(4 11^=1 cosh T^j)"^ < (4 cosh?7j)~^. In the fourth inequality we used that |^| — \rij\ < 
1^ — Vj\ < ^(^)) which implies |^| < \rij\ + e{r}). In the seventh inequality we used that 
tanhjr^jl < 1 and that for small e, sinh 6(77) < cosh £(77). In the ninth approximation 
we used that for small e, coshe ~ 1. 

As a consequence of the equation above and of f l9.123p . we have for N G {1, . . . ,k}, 
and if \9j — ?7j| < 6(77) for all j G A^, that 

\E{e) - E{e^^')\ < J2 I cosh^j - coshr^jl < J] 1 < A;, (9.125) 

where we used that |A^| < k. 

Inserting (19.125!) in (I9.122|) . we get 



< cexp(fc")exp(-c„|E(6>^') -E(77)|"). 



{EiO) - E(77)) < cexp(|£;(0) - EiO'^'T) exp(-cjE(0^^) - ^(77)^) 

(9.126) 
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Inserting into (19.1211) . it follows that 



dd 



N 



{0,7)) < ceH JJsinh^j- ex^{-cJ\E{e^^) - E{'n)\'^ - E{r)y 



< c (4e)'=(^JJ cosh r/j)exp(-c^|E(0) -^(77)1" -E(77)") (9.127) 

i=i 

where in the first inequality we used that for < a < 1, e^" < e^, and in the second 
inequality we used that IHjgTv ^i^^^^il — 11^=1 cosh r^j. This last inequality follows 
from a short computation: if — ?7| < e, then | sinh^| < |sinh(r7 + e)| < | sinh?7 cosh e| + 
I cosh ?7 sinh e I ; since | sinh?7| < coshr] and since for small e, coshe < coshl and sinhe < 
sinhl, then we have | sinhr] cosh e| + | cosh?7sinhe| < cosh?7(coshl + sinhl). Since 
cosh 1 + sinh 1 = < 4, then | sinh^| < coshr7(cosh 1 + sinh 1) < 4 coshr^. 
In view of Prop. 19.81 we call 

k 

L{d, r,) := c {Aef ( J] cosh r/,) exp(-c„|E(0) - E{'n)\^ - E{rir), (9.128) 



and from (I9.127P we write 



de 



N 



(9.129) 



With this L, we can fulfil the hypothesis fl9.73p of Proposition 19.81 

Hence, we can apply Prop. 19. 8^ and using fl9.74p . we have from fl9.118p . 



\\K\Un<{8n)' Yl 8l^l 5^||e(r/)-l'^lL(0^^r7)|U 

JC{l,...,fc} MCJ 

<(64vr)^' Yl l|e(^)-'^'^(e^,^)IU (9.130) 

McJC{l,...,k} 

where in the last inequality we used that \J\ < k. 

On the right hand side of the above formula we have 

k 

e(T7)-l-^lL(0*^ 77) = 40(46)^= JJ(cosh 7]^)^^^+^ exp(-c„|E(6/*0 - ^(^)l" - E{r])") 

i=i 

< 40(46)^= JJ(cosh77,)l-^l+iexp ( - ^(coshr/,)") exp {-'^\E{0^')-E{r))['~E{r)Y). 



<c' 



(9.131) 



In the second inequality, we have used that \E{r])°' > ^ X]j=i cosh?7j, which can be 
obtained by repeated application of fl9.9ip . 

Also, we split exp(— _E(77)") = exp(— ^£'(77)") exp(— 1£'(?7)"); finally, we used that 

E{0'^) — Eiji) = E{6) — E{f]), where ^,77 denote the variables Oj^rjj with j G M or 
J > k. 
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Clearly, 4ecosli''^''''^ r/j exp(— ^ cosh" r/j) is bounded by a constant, that we call c'; 
the constant c' might depend on k; we have c' = 1 for A; = 0. 

We compute the following estimate for the last factor exp(— ii?(r7)°) in the last line 
of (mWDf . We split Eir]) = Eifj) + E{f)). Using fICT]) . we find 

E{r^T > c^E{fiY + c,E(f7)", (9.132) 

where fj are the remaining components of rj. Therefore, we have 

Inserting this into f l9.13ip . we find 

e(ry)-l^lL(^^^ Ti) < c' exp ( - ^\E{e) - E{fjr - jE{fir) exp{-^Eif,r). (9.134) 
Taking the supremum over rjj, j G J'^, affects only the last factor; we obtain 



sup e(r7)-l^lL(0^, r,) < c' exp ( - ^\E{e) - E{f,r - ^Eif,r) exp ( - ^i?(f/)") , 

(9.135) 

where f] denotes the variables rjj, j E J oi j > k. 

Now we apply Lemma [9.91 once in the 0, i) variables, and once in f} (with no corre- 
sponding ^'s). Considering that we have m — k+ \M\ variables 6, n — k + \M\ variables 
f), n - {n - {k - \M\)) = k - \M\ variables 77 and A; - |M| - {k - \ J\) = \ J\ - \M\ 
variables 77, we find 

\\e{ri)-\'\L{e^', rj)\\l< (c")'"+'^7a(m - k + \M\)j^{n - k + |M|)7.(| J| - |M|), (9.136) 

where c" is some constant which also include the constants c',Ca,da to some power 
m + n (from Lemma 19.91) . 

We use monotonicity of 7Q,(m — (fc — |M|)) < 7«(m), 7Q,(n — (| J| — |M|)) < 7Q-(n), 
and 7«(| J| — |M|) < •jaik). We absorb this 7a(A^) into the constant c" (which might 
depend on k): 

\\eiri)-\'\LiO'',r,)\\l < (c'")'"+"7.M7a(n). (9.137) 
Inserting this into fl9.130p . we find 

\\K\Un < (647r)'= Yl (c'")(^'"+"^/V7a(^)7a(n) 

McJC{l,...,k} 

= (647r)'=(c'")(™+")/V7aM7«(n)( l) 

AfcJC{l,...,fc} 

= (647r)'=(c"')^'"+"^/V7«M7«(^)2''2l^l 

< (647r)'=(c'")(™+")/V7aM7«W2'2^ 

< c'rf'"+V7a(^)7a(n), (9.138) 

where in the second equality we used that J2mcjc{i k}^ ~ 2'^2l"^l, and in the fourth 
inequality that \J\ < k. The constants c', d might depend on k, but not on m, n. Hence, 
we find our result f l9.117p . □ 
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Now we come back to our example of local operators, given by the family of functions 
F2k+i defined in f lOT]) . We define 

fmn{e, T]) := Fm+n{0, T] + tTT - tO) (9.139) 

with e e R™, T] eW, m + n odd. 

As for the function g that appears in the definition of F2k+i, we assume that its 
Fourier transform g{fi-) fulfils the bounds in Eq. fl9.115p . 

Proposition 9.11. Let fmn be as in fl9.139p . andu{p) =p". Then, \\fmn\\mxn < oo for 
allm,n. If further Conjecture \9.3\ is true, then there are constants c,d> 0, depending 
on n, a but not on m, such that 

\\fU0,r1)\\l,^ + \\fU0,r1)rn.n^<cd^V7^)■ (9.140) 
Proof Recall from flOTj) and (gMl that 

/^„(e,77)=^(/iE(0)-/.E(r7)) Yl sig^^ n tanh^^, (9.141) 

where C,j = 6j for j < m, and (j = r]j-m + ^ti" for j > m. We reorganize the sum over 
pairings P in the following way: Fist we consider the number I of pairs which contain 
one 9i and one r/j, and we sum over < £ < min(m,r;,); then we sum over all the 
possible corresponding pairs at fixed finally we sum over all other pairings of 9i with 
Oj and Tji with rjj. In this way, for every choice of such pairs (pi, gi), . . . , (p^, g^), there 
is a /3(pi,5i),...,(p^,g^) G such that: 

min(m,n) 

l<Pi<rn<qi<m+n 



(^J|coth^^^^^)T^_,(6/)T„_,(r7). (9.142) 



Here, 6 denotes all 9j with j not in the list pi, . . . ,pe, and r) denotes all rjj with j not 
in the list qi, . . . ,qe. 

To find such /3, we can write the permutation in Eq. fl9.23p as the composition of 
three permutations given for k even by: 

ai=(,^ y (9.143) 

\l. . .m m + l...m + n pi,qi . . .p£,q£ J ^ ' 

f l.:m m + i:.m + n p,,q,...p,,q,\ 

\Pi,Pi---Pm~e,Pm~e m + l...m + n pi, qi . . .pe, qej 

^ ^ (p'i,Pi---P'm-e,P'L-e m + l.:.m + n pi,qi . . .pi,qi\ (9145) 
^ \p'i , P'i ■ ■ ■ pL-i, p'L-i (l'i,Qi--- Qn-e^ Qn-i Pi,qi---Pi,qi) ' 

Note that the pairing P is given by the last line of (I9.145p . Then signP is therefore 
the product 

signP = signo"! ■ sign (72 ■ signers (9.146) 

where signcii = /3, sign(T2 and signers form the respective signum terms in Tm-i and 
T„_£, see fl9.24p . The case k odd can be treated similarly. 
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We consider one term in the sum f l9.142p . multiplied with the exponential exp(— £'(77)'^ 

I. 

f{e, T)) := -gif^EiO) - /iE(r7)) ( H coth ^I^^±l^)T„_,(^)T„_,(f7) exp(-E(ry)°). 

(9.147) 

We want to estimate the norm ||/||mxn- The functions Tm-e and Tn-i are bounded 
and therefore Prop. 19.101 yields that ||/||mxn < 00 and hence ||/mn||mxn < 00. If the 
Conjecture 19.31 is true, then we have that HTm-^iloo < 1 and ||T„_^||oo < 1- Applying 
Proposition I9.10[ we have that ||/||mxn < erf"* 7a (m)^/^, where rf" and 'jainY^'^ are 
absorbed into the constants c, d, that therefore might depend on n, k and a. 

We note that every term of the sum (19.1 42 p is of the form (I9.147p . except for 
renumbering of the variables and ± signs. So we can apply the same estimate to each 
of this terms. We need only to count the number of summands in (I9.142p : this can be 
estimated in the following way: we need to multiply the number ('^) of possibilities 
of setting i indices within m, with the number of possibilities of setting i indices 
within n, and with the number i\ of possible exchanges of the pairs. So, there are at 
most — 2™+"£! different choices of pairs (pi, qi), . . . , {pi, qi); and i takes at 

most £ + 1 < min(m, n) + 1 < n + 1 values. 

Therefore, we have to multiply the estimate discussed above with such number. We 
absorb 2 ■ 2"'k\ into some other constants c', d' that hence might depend on n, k and a 
(but not on m), we find 



||/„„(0,r7)exp(-^(r7)°)|Uxn < c' (dT Vlaim). (9.148) 
In analogous way, we get 

||/„„(0,r7)exp(-E(0)")|Uxn < c"{d"rVl^- (9-149) 

Recalling the definition (I2.57p . this gives the result in Prop. 19.111 □ 

Using our results of Sec. 19.2. 11 and Proposition [9TT1 we can now prove the following 
corollary: 

Corollary 9.12. A is co-local in Or- 



Proof. By Proposition 19. Ill we have that the functions F2k+i satisfy the condition (F5) 
with the indicatrix u{p) given bjH u{p) = p°' , < a < 1. 

We have also shown in Sec. 19.2.11 that the functions F2k+i satisfy the conditions 



(Fl), (F2), (F3), (F4) and (F6) of the theorem. Hence, by Theorem [EKiiiJ , A is 



w-local in Or- □ 

Due to Prop. Owe have from Prop. EH] that A = J2 I Sjmn{,0, t]) z^"" (6) z"" {r}) 
is a well defined quadratic form in Q^. Moreover, applying Prop. 14.51 we can also show 
that A extends to a closable operator affiliated with A{Or), as the following theorem 
shows: 

Theorem 9.13. Let 1/3 < a < 1. Suppose that Conjecture \9.^ is true- With fmn cls 
above, the quadratic form 

^= E [^fUO,'n)z^'-ie)z-iri) (9.150) 
^ — ' / mini 

m,n=0 

extends to a closed operator which is affiliated with A{Or)- 



In the case where cj grows slower, for example polynomially, this result does not seems to be true any 
more. 
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Proof. We want to show that the following series converges by using the estimate that 
we computed in Prop. 19.111 

E-rl(ll^-ll™><n+ll/nn.||;:x™) <C$^(v^rfr(^) . (9.151) 



n V mi „ 

m=U * r?i=U 



Using that {n G N) T{n) = {n — l)\ and the Stirling's approximation, n\ ~ v^27m^^^ , 
we find for large m, 



7Q,(m) T{m/2a) \2a 
ml amir{m/2) 



- 1 



am! ( f - 1 



27r U^ - 1 



■ I in 



2a 



m 1 

-1 \ 2a ^ 



/ \m , / \ m/2— 1 

V27rma V / 

In the case a > 1/3, we have that the right hand side of (19.1511) converges by application 
of the quotient criterion. Therefore we can apply Prop. 14.51 and find that A is closable; 
since moreover we have shown that A is w-local (see the remark after Eq. (19.1491) ). we 



can apply Prop. 14.^(111) , and conclude that the closure is affiliated with A{Or)- □ 



9.3 Local observables for general S 

We will indicate in this section how the construction of local operators discussed in 
Sec. 19.11 and Sec. 19.21 for 5* = —1, see Eq. (I9.2ip . can be generalized to general S 
matrices. In order to maintain the comparison with the case S = —1, we will restrict 
to the case S{0) = —1 rather than S{0) = +1. 

Note that in the general case we do not expect "Buchholz- Summers" type of oper- 
ators because the recursion relations force the family of functions Fk to be infinite. 

The main building block of (I9.2ip is the function 

C 

i7_i(C) := tanh|, (9.153) 

which has the properties 

H^ii-O = -H^ii-0, H^iiC + 2m) = if_i(C), res i/_i(C) = 2. (9.154) 

We propose to replace this with the ^-dependent variant 

which has the properties (^'(ivr) = S{0) = —1) 

Hsi-0 = S{+OHs{0, HsiC + 2m) = Hs{0, 
res HsiO = (e^/^ + S(+^vr)e+-/^) res } = 2. ^^'^^^^ 
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Then we consider 

Ts,2k+i{C) ■■= 7^ Yl S'^iC)HsiC(2,-i)-Ci2,))- (9.157) 



o'e62fe+i 



This function, according to Eq. f l9.156p . is 27rz-periodic in each variable and S'-symmetric 
(by construction). Similarly to the case S = —1, see Sec. 19.2. we can rewrite Ts'^2fc+i 
in the following way: 

T5,2.+i(C) = ^ E ^""(O n HsiCe-Cr). (9.158) 



Here 'P2]^i"^ denotes the set of all ordered pairings of 2A; + 1 indices and is the factor 
for the permutation a corresponding to P by Eq. f l9.23p . We have the following 
lemma: 

Lemma 9.14. Ts^2k+i has the residua 

n 

res_. T5,2;i+i(C) = '^[W '^(C, - U)]Ts,2k-x(Q. (9.159) 

q=m 

Proof. To prove this, we first compute the residue of r5^2fc+i at C2 — Ci = 

res Ts,2k+i{C) = ^ V 5^(0 res Hs{Ci-C2) TT ^5(0-0,(9.160) 

(i,2)eP 

where P' denotes the pairing P with the pair (1,2) left out. 
We consider the permutation 

12 ... 2A; + 1' 

(Jp=\\ 2 £1 ri £2 ^2 ... r2 ... m |. (9.161) 
?i ri £2 ^^2 ... 1 2 ... m 

We call the permutation from the first to the second line up/, and the permutation from 
the second to the third line r. We have op = a pi o r and, correspondingly, 5'°"^(<^) = 
5"^'(C)5"(C"^') = ^"^'(C)^"(C"^')- Note that S^{C^') = 1 on the hypersurface C2 - 
= in. We have S^{C) = '^"^(C) and 5^'(C) = 5"^'(C)- Further, we note that 
the sum over P contains every P' exactly k times. Therefore after renumbering the 
components of "we can change the sum to ^pg^ordorcd = A; ^p,gpordorcd. Hence, we 
arrive at (i,2)eP 

^^_res_T,,2.+i(C) = E S^'CC) U Hs{Q - (r) = -2Ts,2,-,CC). 

(9.162) 
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For the residue at Cn — Cm = ijn < n) we find, using S'-symmetry, 

m— 1 n— 1 

res Ts^2k+i (C) = ^ res_. n S{Cm - Q n ^(Cn - C.)T5 ,2fc+l(Cm! Cn; C) 

J=l 5=1 

m— 1 n— 1 

= ( n ~ n - Cg) ) L ■ , res Ts,2fc+l(Cm, Cn, C) 

V J--L J. J. y C,m-«7r ^ 

i=l g=l 

n 

= -2(n'5(C,-C™))T5,2fc-i(C)- (9.163) 

□ 

Ts,2k+i is however not 5'-periodic. We propose to fix this problem with an extra 
factor M5 2fc+i which fulfils the following properties: 

Ms,2fc+i(C)=M5,2fc+i(C), (9.164) 
Ms ,2fc+l (C + 27r^e(^))= (n5(C-0))Ms ,2fc+i(C)) (9.165) 

M5,2fc+i(C)|^„_^„=,. = M5,2fc-i(C) ■ 2 (1 - n - 0)) (9.166) 

for all 0" G 62fc+i and all 

We will make a remark on the existence of such functions below. Given M5 2fc+i(C) 
with the above properties, we can set with a suitable localized test function 

F2k+i{C) = j^Ms,2k+i{C)Ts,2k+i{Cr9{fiE{C)), (9.167) 



and this will fulfil all conditions (Fl), (F2), (F3), (F4) In particular, we find 



, , 2k+l 

res_. F2,+i(C) = —-^Ms,2k^^CC)7;U - H " Cp))^(/^^(C)) : 



2)[llS{C,-Cm))Ts,2k-l{C) 

q=m 

n 2k+l 

-[X{S{C,-Cm))[l-X{S{U-Q)F2k-i{C)- (9.168) 



2-Ki 

q=m p=l 

Regarding the functions Ms^2k+ii it would of course be important to construct them 
explicitly, but we have not found an explicit solution yet. Nevertheless, we can show 
that such functions exist and therefore that the conditions fl9.164p - fl9.166p are compat- 
ible. Namely, using the results of Lechner |Lec08] and our characterization theorem, 
Thm. 15.41 we know for a large class of functions 5* that there exist functions F^^'^^'^'^ 
which fulfil all conditions (F). Given these, we set 

M5,2.+i(C) := (2vr.) %^^+^ (9.169) 
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Since the poles of the numerator and of the denominator cancel, and since they are both 
S'-symmetric, these Ms2fc+i will have the properties fl9.164p - fl9.166p . Of course, this 
does not solve completely the construction problem, but it shows that our approach is 
consistent. 

However the main challenge in constructing interacting operators for general 5* is 
in verifying the various bounds conditions. 



The bounds (F6) should be easy to verify with similar methods as in Sec. 19. 2[ since 



they essentially depend on the growth of g except for slower growing terms. 

i.e. the question whether 



More difficult is verifying the bounds (F5) 



|^2fc+i(^,'^ + ^7r) 



< oo. 



(9.170) 



and even more whether the summability conditions of Prop. 14.61 are fulfilled. To that 
end, the estimates of Sec. 19.2.21 need to be generalized and improved. In particular, 
these are more difficult to show than the hypothesis of Prop. H75] which we used for the 
case S = —1; the extra condition 04.51) needs to be taken into account. In other words, 
one needs to track the dependence of the constant c' on k in Prop. [9TTU] well enough to 
prove summability, which requires a big improvement. 
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Chapter 10 

Conclusions and outlook 



We have established existence and uniqueness of the series expansion fll.4p for any 
quadratic form A in two-dimensional factorizing scattering models. We have given an 
explicit expression for the expansion coefficients fm}n in terms of matrix elements of 
A, and analysed their properties (independent of locality) with respect to spacetime 
symmetry transformation of A; of particular interest are the spacetime reflections, 
which also play an important role in the study of local observables in bounded regions, 
see Sec I8.6[ We discussed how to generalize the expression (11.31) for the expansion 
coefficients in terms of a string of nested commutators, valid in the free field theory, 
to the factorizing scattering models described by |GL07] . by defining a "deformed 
commutator" with the notion of warped convolution |BLSllj . 

We investigated the necessary and sufficient conditions on the coefficients fm}n that 
make a quadratic form A of a certain "regularity class" u -local in a bounded spacetime 
region (see definitions in Sections 12.61 and 14. ip . These are in particular analyticity 
properties of the coefficients fm}n, and bounds for their analytic continuation. 

Extra conditions on the summability of certain cu-norms of fm}n (see Sec. l2.7l for defi- 
nitions) will imply the extension of the quadratic form to a closed, possibly unbounded, 
operator. 

Further, we showed that a family of functions which satisfies the conditions 
Def. 15.31 for the characterization of the w-local quadratic forms, and the condition of 
Prop. 112] for the extension of the quadratic form to a closed operator, inserted in (15. 4p . 
yields an operator affiliated with the local algebra of bounded operators, see Prop. 14.41 

Finally, we used these conditions to construct concrete examples of local observables 
in the case 5" = — 1 in Chapter O 

This construction applies to two dimensional scattering models with particle spec- 
trum described by one kind of particle, scalar, massive and without charge. However, 
one can generalize it to models with a richer particle spectrum, see for example jLS12j . 
This would give a more formal complication to the general setting, for example the 
scattering function would be a matrix-valued function, rather than scalar-valued; but 
the expansion (ll.4p and the characterization of locality of A in terms of properties of 
the expansion coefficients would remain essentially the same. 

We have shown that the expansion (II. 4p is related to the deformation methods ap- 
plied in quantum field theory, and in particular to the notion of warped convolution, see 
for example |GL07l [Lecl2j . |BS08l iBLSllj . These methods can be applied to any the- 
ories with arbitrary spacetime dimensions with the purpose of constructing interacting 
models of Buchholz- Summers type |BS08t IBLS ll]. This would suggest the possibility 
to generalize the expansion (II. 4p and our analysis to arbitrary spacetime dimensions 
using techniques of Appendix |Al On a formal level, we would get an expansion in a basis 
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which depends on a deformation parameter Q. However, in higher dimensions there is 
a much larger choice for Q with each Q corresponding to a wedge-region in Minkowski 
space. One could think to follow the same characterization programme as for 1 + 1 di- 
mensional models in theories with higher spacetime dimensions. In higher dimensions 
double cones are intersection of more than two, in fact infinitely many, wedges, and 
each of these wedge localizations would give an analyticity condition on the coefficients 
fm}n with details to be determined. However, in line with the expectations of the au- 
thors [BS071 IBLSllj , one will possibly find that these conditions on the holomorphic 
functions are so strong that they are fulfilled only by constant functions, and therefore 
the set of local observables contains only multiples of the identity operator. This may 
lead to a no-go theorem in the class of models described by [BLSllj . 

The expansion (11.41) is not only useful for the characterization of local operators in 
two dimensional factorizing scattering models, but also to analyse the pointlike field 
structure of these theories, using techniques as in |Bos05] . Here one would consider the 
expansion (ll.4p and write the coefficient functions fm}n in a series expansion which is 
adapted to the short distance limit: 

oo 

^) = E v). (10.1) 

fe=0 

In the free field case, this is a Taylor expansion in momentum variables and the Qmnk 
are polynomials in momentum components, or, in other words, hyperbolic polynomials 
in rapidity space. 

In the factorizing scattering models, gmnk need to be chosen so that they fulfil 
conditions similar to Def. 15.31 for radius r = 0, details regarding the bounds need to be 
determined: 3-1-1 dimensional free field theory can serve as a guidance, since the Qmnk 
are explicitly known there |Bos05l IBDMlOj . In the case 5* = —1, an example of one 
basis element can be found from Sec. 19.21 by formally setting g = 1: 

/^.m(0=(^ E signafltanh^^i^-ll^^, ieN,, (10.2) 



and setting 



fn \ ,hm+n{.0,r] + iTz) ifm-hnisodd. 



if m -|- n is even. 

Inserting (110. ip in the expansion (II. 4p . one finds 

^ = E d0dvgmnk{e,r})z^'^{O)z"{ri). (10.4) 

m,n,k 

After reorganizing the sum and the terms in the expression above, one should arrive 
at an expansion of the form 

A = J2^tlM0)- (10.5) 

e,k 

Here (f)k,e are pointlike localized objects at the origin as a consequence of the analyticity 
conditions fulfilled by gmnk- Note also that (j)k,e are independent of A. 

In this way, one would be able to determine all the interacting pointlike fields of the 
theory, and would have shown that every operator A can be expanded in their terms. 
In this sense, all the local observables would be known up to approximation. 
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Further, note that we can apply the expansion (II .41) only to theories where the 
scattering function 5* has no poles on the physical strip; in particular, the results of 
Lechner |Lec08j are valid only in this situation. However, the operator expansion as 
such (Thm. I3.8p does not require an analytic continuation of S, and therefore can in 
principle be extended beyond theories where the scattering function is restricted by 
this condition. For these theories, on the other hand, the Hilbert space as defined 
in Sec. 12.41 is not suitable to allow local operators. So, the Hilbert space needs to be 
extended in order to include extra states, so called "bound states", and Thm. needs 
to be generahzed to this extended Hilbert space. 

Certainly, an important task in our programme would be to exhibit a concrete 
example of local operator for a general scattering function S. We have presented 
in Chapter [9] an approach for finding functions Fk which might yield an example of 
this type, without having verified all the conditions (F) established in Def. 15.31 and 
Prop. IT5l These Fk are derived as a natural generalization of the examples for S = —1 
discussed in Chapter [91 A further significant step would be to complete the proof of 
the conditions (F) and to show closability in the general case. 

Finally, we would like to emphasize one important message of this thesis: namely 
that the examples in Chapter [H] suggests that the expansion Eq. (11.41) in terms of wedge- 
local objects is more efficient than in terms of local asymptotic free fields (the usual 
form factor program); in our examples bounds on the coefficients can be exploited 
to ensure convergence of the expansion series and to establish (cu-) locality, avoiding 
uncontrolled infinite sums as in usual FFP. 
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Appendix A 

Warped convolution 



In the free field theory, corresponding to the case 5* = 1, and where the Zamolodchikov 
operators and z are the usual Bose annihilation and creation operators a) and a, we 
can express explicitly the coefficients fm}n of the Araki expansion in terms of a string 
of nested commutators, namely as: 

/|^L(^, rj) = {Q, [. . . [a{9,), [. . . [a{9J, A], at(r/„)] . . . , a^ivi)]^). (A.l) 

We can verify this formula by direct computation in the case A = a^"^' a"'' (f), by using 
repeatedly the relations of the CCR algebra. Then, we have that this formula holds 
for all quadratic forms A by expressing the quadratic forms with the Araki expansion 
and by using linearity. 

We can extend this kind of formula (1A.1|) to other examples. For example, in the case 



of the Ising model, corresponding to the case S = —1, and where the Zamolodchikov 
creation and annihilation operators fulfil the CAR algebra, we can define a graded 
commutator [ ■ , ■ J^; note that the graded commutator between even operators is equal 
to the commutator and between odd operators is equal to the anticommutator (where 
even and odd operators are defined with respect to the adjoint action of (—1)^). Then, 
using this graded commutator, we can write the Araki coefficients in analogous way as 
in flA.l|) . using the following formula: 



fl^lid, rj) = (fi, [. . . [zie^), [. . . [zi9m), A],, z\v^)], . . . , z\vi)],^), (A.2) 

As before, we can prove this formula by computing explicitly the commutators in the 
case A = z'^'^ z^ (/), using repeatedly the relations of the CAR algebra. Then, we can 
extend this formula to all quadratic forms A by using the Araki expansion and by using 
linearity. 

We would like to generalize this kind of expressions for the Araki coefficients to 
more general models. Here we will try to make this generalization to the family of 
models obtained by Buchholz, Summers and Lechner in |BS08t IBLSllj . using the 
warped convolution construction. 

In this construction, one starts from a given quantum field theory and deforms the 
algebras of observables, and in this way constructs a new theory. This deformation uses 
as a deformation parameter a skew symmetric matrix Q; this deformation is equivalent 
to a Rieffel deformation |Rie93] with respect to the action of the translation group 
(see |BLSllt Lemma 2.1(i),Eq. (2.2)]); moreover, we can alternatively interpret the 
deformed theory in terms of a quantum field theory on noncommutative space-time 
|GL07] . Buchholz, Summers and Lechner in |BLS11] wanted to apply this deformation 
to a general and possibly interacting quantum field theory, in particular in 2+1 and in 
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more space-time dimensions. However, in our case, we start from a 1+1 dimensional 
free field theory. Then we know from [GL07j that the deformed theory that one obtains 
is equivalent to an integrable model with a certain simple type of scattering function 
S. We will see explicitly below this equivalence. 

We want to define for this particular class of models, a "deformed commutator" 
[■ , ■ ]q, so that we can write an analogue of the formula flA.ip also in the case of this 
class of models. 

First, we introduce some notation and preliminaries. In this section, "H and related 
spaces are associated with the free field S = 1. We also consider only the case where 
u = and hence we drop the superscript u from all objects that we will consider. 

Now, following the conventions in |BLS11] . we introduce some spaces of "smooth" 
operators and quadratic forms. We start with the operators of ^("H) and we consider 
X I—)- A{x) using the adjoint action of translations. Then, we introduce the seminorms 
A I— !■ II^^AII, where d'^ with a multi-index k are partial derivatives with respect to the 
action of space-time translations. We call C°° the subalgebra of 03(7^) consisting of 
"norm-smooth" operators, namely operators such that H^^AH < oo for all multi-indices 
K. We equip C°° with the usual Frechet topology, namely the topology given by the 
seminorms A i— )■ ||c}'^A||. 

Correspondingly, we also consider the space Q°° C Q of quadratic forms A that 
fulfil QkAQk e for all k. 

We also consider the subspace J-'°° of defined as follows: For A G J-'°° and any 
A; G N, there exists fc' G N so that Qk'AQk = AQk and QkAQk' = QkA. An equivalent 
way to formulate this definition is to say: For A G J^°° and any A; G N, there exists 
A;' G N so that AQk G C°°, A*Qk G C°°, AQkU C Qk'^, and A*Qk'H C Qk'n. Then 
we say that is a bimodule over 7"°°. We note that 7"°° C C°° C but 

Moreover, we consider the so called J-'°°-valued distributions on M™: They are 
linear maps V{MJ^) — t- J^^, f i— )■ A{f), such that for any k, the number k' above can 
be chosen independent of /, and such that the maps / (-> A{f)Qk and / (-)■ QkA{f) 
are continuous in the Frechet topology. We also have that products of J-'°°-valued 
distributions in independent variables are again J-'°°-valued distributions. We will write 
as usual these distributions in terms of their formal kernels, A{f) = J A{0)f{0)dO. 

Considering the (anti)unitary representation U of the proper Poincare group, we 
want to show that if an operator A is an element of C°°, Q°°, J-'°°, and of J-'°°-valued 
distributions, then also the operator transformed by the adjoint action of U, UAU*, is 
an element of these spaces, respectively. 

For C°°: The first order derivative of UAU* is given by [P^,UAU*] = U[Pf,,A]U% 
where P^, = 0, 1, is the momentum operator. Then ||[P^, f/Af/*]|| = ||[/[P^, A]f/*|| = 
\\dA\\ < oo. Similarly, the second order derivative of UAU* is given by the multi- 
commutator U[P^, [Pi^,A]]U*; calling B := [P^, A], we can use the result before and 
conclude that \\d^{UAU*)\\ < oo. The same apply to higher order derivatives of UAU*. 

For Q°^: UAU* G Q~ if and only if we can show that QkUAU*Qk G C~. But this 
follows from the fact that QkU AU*Qk = UQkAQkU* (uses that U commutes with the 
particle number operator), and the fact that QkAQk G (since A G 

For 7"°°: Since A e J^°°, then AQk G this implies UAU*Qk G C°°, since U 
commutes with the particle number operator. Hence, UAU* G 

For J-'°°-valued distributions: It was proved before that UA{f)U* G -7-"°°. It remains 
to show that the map / i— > UA{f)U*Qk = UA{f)QkU* (uses that U commutes with the 
particle number operator) is continuous. For this, we consider the map / A{f)Qk 
UA{f)QkU* . Since A is a J-'°°-valued distribution, then / A{f)Qk is continuous; 
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call B := A{f)Qk, we have ||9'^(f/5f/*) || = \\U {^^' B)U* \\ = This implies that 

the map B i— UBU* is continuous. Therefore, / h- )■ U A{f)U*Qk is a continuous map. 
Similarly, we can show that the map / H- QkUA{f)U* is also continuous. Therefore, 
U AU* is a J-"""- valued distribution. 

In particular here we are interested in the action of the translations operators 
U{x) := U{x,0). 

We say that an J-'°°-valued distribution A is homogeneous if there is a smooth 
function ■ — )■ such that 

Vx G : [/(x)A(6>)[/(a;)* = e'^^^^^'^ A{d) . (A.3) 

We call the momentum transfer of A. If A{6),B{r]) are both homogeneous, then 
also A{0)B{r}) is homogeneous, and has momentum transfer ipAB{G,'n) = fA{G) + 
Lfsivi)- There are some important examples of homogeneous distributions: a^(^), a('7), 
and a^'^a"'(0, 77), which have momentum transfer p{9), —p{r]), and —p{Tf), respec- 
tively; other examples are their deformed versions, that we will consider below. 

Now we introduce the warped convolution. We denote with dE{p) the (joint) spec- 
tral measure of the momentum operator, and we denote with Q a skew symmetric 2x2 
matrix. The warped convolution tq of an operator A is defined by 

TQiA) := j U{Qp)AU{Qpr dE{p) = j dE{p)U{Qp)AU{Qpr. (A.4) 

Note that we must take this integral with care, since the integrand has constant norm. 
However, Buchholz, Lechner and Summers managed in |BLSllj to define it in the case 
where A are smooth operators and in the sense of an oscillatory integral, and to give 
a bijective map tq : C°° — )■ C°° . 

We need to extend this map to our space of quadratic forms, and in order to obtain 
this we will use the projectors Qk- 

Let A e C°°, since the Qk commute with U{x), we can write, 

TqiAQk) = TQ{A)Qk, TQiQkA) = QkTqiA). (A.5) 

Using this, we can extend tq to quadratic forms A G Q°°: Let ip,x ^'H^ we define, 

TQiA)x) := (^, TQ{QkAQk)x) (A.6) 

where k is chosen large enough for ip, x- Indeed, for k large, the expression on the right 
hand side becomes independent of k: If ip^x ^ Qm'H and if k > m, then 

{l/j,TQ{QkAQk)x) = {i^, QmrQiQkAQk)QmX) = {'^^'TQ{,QmAQm)x) ^ (A.7) 

where in the second equality we applied (lA.Sp since the operator QkAQk is bounded; 
moreover we used that if k > m, then QmQk = Qm- 

Now we want to show that the relations (lA.Sp . which hold for operators on C°°, 
hold also for all A G Q°°: For A G Q°°, A; G N, the right hand side of the first relation 
in (lA.Sp gives 

{^,TQ{A)Qkx) = {^,TQ{QtAQe)Qkx) = {^,TQ{Q,AQkQi)x) = {^,TQ{AQk)x), 

(A.8) 

where in the first equality we made use of (]A.6p with i large; in the second equality 
we applied ( lA.Sp since the operator QeAQe is bounded. In the third equality we used 
again (]A.6|) with £ large. Analogously for the second relation in (lA.Sp . 
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Note that AQk G Q°° because Qk G and A G Indeed, in general one has 
for A e Q°° and E G 7"°°, that AB e Q"^, BA e Q°° (i.e. is a bimodule over 
J-"""). The proof of this statement works as follows: AB G if we can show that 
QkABQk G Since B eJ^°°, then QkABQk = QkAQk 'BQk, where QfcAQfc/ G 
and BQk G Now, it was already shown in |BLS11] that for C,D G then 

CD G C°°. Analogously for the product BA. 

We present the most important properties of the map tq in the following proposi- 
tion, which is mostly due to H.Bostelmann: 

Proposition A.l. For any skew symmetric matrices Q,Q', we have: 
(i) Tq : C°° — )■ C°° is continuous, 
(ii) tqTq, = tq+q,, To = id, Tq^ = t_q. 

(ill) tq{U{x)A) = U{x)tq{A), tq{AU{x)) = tq{A)U{x) for any xeR'^andAe Q°° . 

(iv) Tq : — > C°° , Tq : J-""" — J^°° , Tq ] Q°° — )■ Q°° are ^-preserving vector space 
isomorphisms. 

(v) If A is an J^°°-valued distribution, then tq{A) : / H- TQ{A{f)) is an J^°°-valued 
distribution as well. If A is homogeneous, then so is tq{A), with the same mo- 
mentum transfer as A. 



Proof. For part (i): this part can be proved similarly to |BLSlll Prop. 2.7(ii)]: in their 
notation, they considered the inclusion i of C°°, equipped with the Frechet topology 
induced by || ■ || , into itself equipped with the Frechet topology induced by || ■ it was 
shown in |Rie93t Lemma 7.2] that this map is continuous. In turn, they showed that 
the map ttq is norm-preserving between || ■ ||q and || ■ || and hence it also intertwines 
the associated Frechet topologies. In our notation, we have that tq = ttq o so from 
the properties of the maps ttq and i, it follows that the map tq is continuous. 



For part (ii) the relation tqTqi = tqj^qi was shown for A G C°° in |BLSllt 



Prop. 2.11]. To extend it to we need to show for A G that 

{ij,TQTQ,{A)x) = {ij,TQ+QiA)x). (A.9) 

The left hand side gives: 

{^,tq{tq,{A))x) = {^,TQ{QkTQiA)Qk)x) 

= {i^,rQ{TQ\QkAQk))x) 

= {'^,TQ+Q>{QkAQk)x) 

= {^,TQ+Q,{A)x), (A.IO) 

where in the first equahty we made use of flA.6p . where in the second equahty we used 
flA.51) . where in the third equality we applied [BLSIH Prop. 2.11] since QkAQk G C°°. 
In the fourth equality we made use of flA.6P again. 

The equality Tq = id can be proved on C°° using |BLS1H Eq. (2.4)] and setting 
(5 = 0. We can extend it to by computing: 

(V^, ro(A)x) = (V^, ro{QkAQk)x) = QkAQkX) = Ax), (A.ll) 

where in the first equality we used (1A.6I) . In the second equality we used the relation 
Tq = id on C°°, since QkAQk G C°°. In the third equality we used (]A.6p again, assuming 
that k is large. 
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The relation Tq^ = t-q is a direct consequence of tqTq' = tq^qi and tq 
tqTq/ = tq+qi we have tqt_q = tq_q = tq; inserting tq = id, we find tqt_ 



Part 
put at ion 
follows: 



e.g. 



these relations can be obtained for the case A G 
, from |BLS11[ Eq. (2.4)]. The result for ^ G Q° 



id: From 
^ =id. 
C°° by explicit com- 
' can be obtained as 



{ij,TQ{U{x)A)x) 



{i^,rQ{QkU{x)AQk)x) 
{ilj,TQ{U{x)QkAQk)x) 
{ilj,U{x)TQ{QkAQk)x) 
{^|J,U{x)TQ{A)x), 



(A.12) 



where in the first equality we used (lA.6p . where in the second equality we used that 
U{x) commutes with Q^. In the third equality we used the corresponding result for 
C°° obtained above, since QkAQk G C°°. In the fourth equality we used flA.6l) again. 
The second relation in 



For 



IV 



m 



follows analogously, 
a map is a vector space isomorphisms if it is linear and bijective. Moreover 
it is *-preserving if tq{A*) = tq{A)*. 
For the case C°° : the inclusion tq {C 



C was already shown in (i) The map tq 
is linear, bijective and *-preserving as a consequence of [BLSllt Prop. 2.7(ii)], [BLSllt 
Lemma 2.2(ii)] and |BLSlll Remark after Def. 2.3]. 

For the case Q°°, we first need to show that for A G Q°°, we have QkTQ{A)Qk G C°°: 
If A G Q°°, then QkTQ{A)Qk = TQ{QkAQk) by (jH), and QkAQk G C~. Hence, by 
part[(i)) TQiQkAQk) G That implies QkTQ{A)Qk G C°°, therefore tq{A) G 

As for linearity: In (]A.6p . we know from the result above for C°° that TqlQkAQk) 
is linear in A, since QkAQk G Therefore tq is linear on Q°°. 

The map tq is bijective on Q°° as a consequence of relation Tq^ = t^q in part (ii) 
Finally, tq is ^-preserving on Q°° for the following reason: In flA.6p . we know from 
the result above for C°° that TQiQkAQk) is ^-preserving in A, since QkAQk G C°°. 
Therefore, tq is ^-preserving on Q°°. 

Now, it remains to show that tq is a linear, bijective, ^-preserving map from J^°° 
to J^°°. For the inclusion tq{J^°°) C J^°°, we compute 



TQ{A)Qk = TQ^AQk) = TQ^Qk'AQk) = Qk'rQ{A)Qi 



(A.13) 



where in the first equality we used (lA.Sp . since A G J^°° is in particular an element of 
In the second equality we used that A G and therefore that by definition 
Qk'AQk = AQk for some k'. In the third equality we made use of (lA.Sp again. Similarly, 
we show that TQ{A*)Qk = Qk'TQ{A*)Qk. This implies tq{A) G 7"°°. 

The linearity of tq on J^°° is a consequence of the linearity of the map on shown 
above. 

where we proved the relation Tq^ 



this can be done using 



-1 



The map tq is also bijective by part 
we only need to show that Tq^ : J-'°° — t- J-'' 
flA.131) with —Q in place of Q. 

Tq is also ^-preserving on J-'°° because it is a *-preserving map on Q 
above. 

First of all, TQ{A{f)) G P 



f-n and 



as shown 



For (v) 



by 



IV 



This implies that TQ{A{f))Qk G C°°. 

We need to show that / i— rQ{A{f))Qk is a continuous map in the C°° -topology: Since 
A{f) G J-'°° is in particular an element of then by an application of (lA.Sp . we have 
TQ{A{f))Qk = TQ{A{f)Qk). Now we consider the map / A{f)Qk TQ{A{f)Qk). 
Since A is an J^°°-valued distribution, the map / A{f)Qk is continuous by definition. 
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Also, the map A{f)Qk ^ TQ{A{f)Qk), from C°° to C°°, is continuous due to (i) Hence, 
we have that / TQ{A{f)Qk) is continuous. By (lA.Sp . this imphes that the map 
/ I—)- TQ{A{f))Qk is continuous as welL With a similar argument we show that the 
map / H-> QkTQ{A{f)) is also continuous. 

Since A is an J^°°-valued distribution, we have Qk'A{f)Qk = A{f)Qk and QkA{f)Qk' 
QkA{f), where k' depends on k but not on /; then we want to show that Qk'TQ{A{f))Qk - 
TQ{A{f))Qk, where k' is large enough and where the choice of k' does not depend on 
/; similarly for Q^TQ^A^f)). For this, we compute: 

Qk'rQ{A{f))Q, = rQ{QyA{f)Q,) = TQ{Aif)Q,) = rQ{A{f))Qk, (A.14) 

where the first and the last equalities are due to an application of flA.Sp . In the second 
equality we used that for k' large enough we can apply f lA.6P : here note also that the 
choice of k' does not depend on /, since A is an J-'°°-valued distribution. 

Hence, we can conclude that / i— )■ TQ{A[f)) is a well-defined J-'°°-valued distribution. 

Finally, we prove the homogeneity of tq{A) as follows: 

U{x)TQ{AU))U{xr = rQ{U{x)A{f)U{xr) = rQ(A(e^^-"^/)), (A.15) 



where in the first equality we applied (iii) , and where in the second equality we used 



the homogeneity of A. □ 

We note that tq is a vector space isomorphism, i.e. it is a linear {tq{A + B) = 
tq{A) + tq{B)), bijective and ^-preserving map between vector spaces, but it does not 
preserve the operator product: tq{A ■ B) ^ tq{A) ■ tq{B). On the contrary, it deforms 
the operator product in the sense given by Lemma IA.2I 

The following lemma describes explicitly the action of tq on homogeneous distri- 
butions: 

Lemma A. 2. If A,B are two homogeneous J^°°-valued distribution on MJ^, then, in 
the sense of formal kernels, 

TQ{A{e))TQiB{e)) = e^^-W«^-(^)rQ(A(0)i?(r7)). (A.16) 

Proof. We start with some remarks about a general homogeneous J-'°°-valued distribu- 
tion with kernel C(^). 

First, we will show using the basic properties of the warped convolution that the 
following equation jBLSllt Eq. (2.4)] holds in the sense of distributions: 

TQ{C{^))ri'n) = e*'^^«)«^'(^)C(0r'(T7). (A.17) 

To prove this equation, we consider test functions / G V(W^), g G T>{W^). We choose 
/ii,/i2 G 5(M2) such that hi = 1 on a neighbourhood of 0, /i2(0) = 1, and such that 
h2 has compact support. Moreover, we consider r{g) to be smooth with respect to 
translations. Then, under these assumptions, we can apply |BLSllt Eq. (2.4)] and we 
find, 

TQiCif))rig) = lim(27r)-2|y" dx dy hiiex)h2iey)e-''-yUiQx)Cif)U{Qx)-'U{y)r{g). 

(A.18) 

Using homogeneity (lA.Sp . we have 

(A.19) 



rQ{C{f))r{g)=\\m{2'n)-' // dxd|//ii(ex)/i2(ey)e-"-^C(e^^^^-^^^/)r(e^P^-^^<7). 
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We call 



= j rfx/ii(ex)^/i2(e-i(p(r7)-x))e*'^^W«V(ek(r7). 



(A.20) 



Note that G ©(IR'"^") (this follows by computing explicitly the derivatives of in 
(lA.20p . taking into account that f^g are smooth and with compact support and that 
Lfc is also smooth) and that it plays the role of test function for the vector valued 
distributions Cr( • ); hence we can write (1A.19P as 

TQ{CU))r{g) = \imCr{F:). (A.21) 

In f lA^Oj) . note that since /i2 has compact support, it restricts the integral to a compact 
set; moreover, for sufficiently small e, we can replace hi{ex) with 1. We also note that 
for e — )■ 0, 2^^2(e~^ ■ ) is a delta sequence. By all these considerations, we find for 
e ^ 0, 

F,(6>,r7) ^ e^^'(^)^P(^VW^(^) in r'(M'"+"). (A.22) 
Inserting this into flA.191) . we find 

TQ{C{f))r{g) = I dedrje^P^'^^^^^^fiO)g{rj)C{0)r{rj), (A.23) 

which coincides with equation flA.lTp . 

Second, we notice that the support of the distribution {£{6),C{^)r{r])) is on the 
hypersurface p{0) — ^(77) = ipc{$,)- To show this, we compute, for x G M^, 

{m,C{Or{rj)) = {U{x)m,U{x)Cm{xrU{x)r{rj)) 

^ e'(-pW+p(v)+^cm^l(^0-^^Ci$,)r{ri)), (A.24) 

where in the second equality we used the homogeneity flA.Sp of C and the covariance 
properties of £(-),r(-) (namely, U{x)r{r]) = exp{ip{r})x)r{r]), and analogously for 
£{0)). But note that equation flA.241) can hold for all x only if the support of the 
distribution is contained in the surface p{0) — p{rj) = <^c{^)- 

Now we compute both sides of equation flA.16P for the distributions A and B, 
between smooth vectors £( ■ ), r( ■ ). We start with the left hand side: 

= e'^^(^)^^^(^)e'^'(^')'3p(^')(£(6>'),A(6>)5(r7)r(V)), 

(A.25) 

where in the first equahty we applied (1A.17I) twice, and where in the second equality we 
used that the support of the distribution is restricted to p{6') —pij]') = ip a{0) + ^ Bijli) ^ 
due to the remark above. 

As for the right hand side, we obtain 

{l{e'),rQ{A{e)B{'n))r{r^')) = e^(^-W+^-('^»«^(^')(£(0'), ^(^)i?(r7)r(r7')) ^6) 

where in the first equality we applied (]A.16|) with C{6,rj) = A{0)B{r}), and where in 
the second equality we made use of the restriction p{6') — pit]') = ^pa{,0) + fsiv) on 
the support of the distribution. 

Eqs. (1X25]) and COHj) imply the result (lAlGjl . □ 
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Now we can consider the warped convolution of the Bose creation and annihilation 
operators of the free field theory and we can identify the resulting deformed theory 
with an integrable model. To do that, we set 2:^(6') = TQ{a){6)), zijf) = TQ^airj)). By 
applying Lemma [A.2I twice, we find that these z, 2^ fulfil the following relations 

z{e)z{r]) = e^'P^^^^P^'^h{7])z{e) (A.27) 

We can show that there is only a one-parameter family of 2 x 2 matrices which are skew 
symmetric with respect to the scalar product in Minkowski space: A matrix is skew- 
symmetric with respect to the scalar product in Minkowski space if x ■ Qy = —{Qx) ■ y, 

with X = {xo,xi) and y = {yo,yi)- Solving this equation for Q = ^ ^ ^ ^ , we find 

a = 0, d = 0, b = c. Hence, we can write this family of matrices explicitly as: 

where a is a real dimensionless constant. 

Using this explicit form of the matrix Q and for a > 0, we find that the equations 
(]A.27|) are just the Zamolodchikov relations where the scattering function S is given 
by 

S{e) = e'''''''^^. (A.29) 

Then we can identify unitarily the Hilbert space "H of the free theory with the S- 
symmetric Fock space over "Hi, introduced in Sec. 12.41 
As next step we define the Q-commutator as follows. 

Definition A. 3. For A, B E C°° , the Q- commutator is 

[A,B]q := AB - r2Q{r.2Q{B)r_2Q{A)). (A.30) 

We use the same definition if A,B G Q°° and at least one of them is in J-'°° . 

For homogeneous distributions A{6), B{r}), we have the following explicit expression 
for the Q-commutator: 

[A{9),B{ri)]Q = A{e)B{ri) - e2'^^(^)^^^(^)S(r/)A(6l). (A.31) 

This can be computed from flA.30p using Lemma IA.2I 

[A{9),B{r))]Q = A{e)B{ri)-T,Q{T^,Q{B{r)))T^,Q{A{e))^ 

= A(0)5(t7) -e2*^-4(^)<3^^(^)5(T7)A(6»). (A.32) 

In particular, we notice that the expression of the Q-commutator is again homogeneous. 

We note that the Q-commutator fulfils the following "deformed" versions of the 
standard properties of a commutator. We formulate these properties only for homoge- 
neous distributions. Indeed, we can show that similar relations then holds for general 
elements of or C°°, by decomposing them into homogeneous distributions using a 
spectral decomposition in the sense of Arveson |Arv74] with respect to the action of 
the translation group, or using the Araki expansion. 
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Proposition A. 4. For homogeneous distributions with kernels A{0) , B (rj) , C {^) , the 

Q-commutator satisfies 

(i) anticommutativity: 

[A{9),B{ri)]Q = -e2^^-W'3^-(^)[S(77),A(0)]Q; (A.33) 

(a) Leibniz rule: 

[A{0),Bi'n)CmQ = [A(0),fi(r7)]QC(|) + e2^^-W«^-(^)i?(ry)[A(0),C(O]Q; 

(A.34) 

(Hi) Jacobi identity: 

e-^'^^^^^Q'Pc''^')[A{e), [B{r]), C{^)]q]q + cyclic permutations = 0. (A.35) 



Proof. In (i) , applying Eq. flA.3ip the r.h.s. gives: 
_^2i^A{0)QvB{v)[B{'n), A{e)]Q = _e2^^AWQvfl(r,) (^B{'n)A{0)-e^'^^^'^^^^^^^U{e)B{r] 
= -e2''^^(^)'3'^^(^)5(r7)A(6») + A{0)B{r)) = [A{e), B{rj)]Q. (A.36) 

For (ii) , we apply (]A.31j) with respect to B{ri)C{^) =: D{r], ^) and ^Biil)+^ci^) ='■ 
Voijli^,)- The l.h.s. gives: 

[A{e), B{rj)CmQ = A{e)D{ri, ^) - e^'^^-^''^^^-^^'^'^ D{rj, ^)A{e) 

= A{0)B{'n)C{^) - e2*^^(^)«(^«(^)+^^(^))5(r/)C(|)A(0). (A.37) 
Applying flA.3ip . the right hand side of flA.34p gives: 

[AiO], 5(r7)]QC(|) = Aie)B{ri)Ci^) - e2^'^-W«^-(^)S(r/)A(0)C(^) (A.38) 

and 

e^i^A{9)QvB{v)B(r])[A{0), C{$,)]q 

= e^'^-^^^^^^^^'^^B{ri)A{0)C{^) - e^'^^^^^^^^^^'^^+^^'^^^^ B{'n)C{$,)A{e). 

(A.39) 

Combining ( OOSj) and (0O9|) we get f OOTl) . 

For (iii) Applying (IA.3ip . the first summand in (1A.35P gives: 

e-^^^Aie)Q^ci^)^^^e),[B{r^),CmQ]Q 

(A.40) 

Applying again Eq. (jA3l]) with B{'n)C{^) =: Dir),^) and ^b{v) + VcU) =■ VDiv,^) 
(analogously, C{^)B{ri) =: E{^,'n), (fdO + (fBiv) =■ V^sl^, ^) ), we find from the 
formula above: 

e-^^^Aie)Q^c(i)iA{e),[B{rj),C{^)]Q]Q 

_l_ ^-'2iv>Ai9)Qv>c{i)+'2iv>B{v)Q'Pcii)+'2i'PA{0)Q^E{^,v)B^^ r})A{6) 

= e-^'^^^^^^^^^^^A{e)B{ri)C{$,) - e^'^-^^'^^^^''^''^ B{r])C{^)A{0) 

_ QH-'fiA{o)+VBiv))Q'Pcii) jI(^q^(j (^^-^ B (^j^-^ _j_ e2*'^-B(r?)<3(¥'c(€)-'/'A(f))(^(-^^_g(-^-)^(^^^_ 

(A.41) 
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Taking the sum of the cychc permuted terms of (lA.4ip . we obtain zero. □ 

Using Eq. ( 1A.31|) . we can rewrite the Zamolodchikov relations (]A.27|) in terms of 
Q-commutators in the following way: 

[z\d),z\d')]Q = Q, [z{^),z{i)]Q = Q, [z{r^),z\d)]Q = 5{d-r^). (A.42) 

Namely, we find that the Zamolodchikov operators z, z^ satisfy relations of the type of 
the CCR relations with respect to the Q-commutator; note the analogy of this with 
the graded commutator in the case of the CAR relations. 
Moreover, using Eq. f lA.3ip . we also obtain: 

[^(0, ^t™(0)z"(r7)]Q = z{Oz^^{e)z^{ri) - e-^^^^^^<^^^^'''^-^^^^h'^^{e)z-{ri)z{0, (A.43) 

which implies by repeated application of the relations of the Zamolodchikov relations 
flX27D . 

[ziO,z^"'iO)z-{ri)]Q = J2U e''^^'^^'^^^^^8{d, - Oz\d,) . . . Ti^) . . . z\d^)z-{ri) 

3=1 1=1 

= m Sjms-i^g - 9^)z^^-\92, . . . , ^„)z"(r7)) . (A.44) 

Similarly, we have 

[z^-{e)z-{rj),z\0]Q 

= z^^{e)z-{ri)z^{0 - e"'''^^^'^(^^™^^"^'^'^'^"^^'^''0^t(^)^W(^)^n(^)^ (A.45) 
which implies by repeated application of the relations of the Zamolodchikov relations 

n n 

[z^"^{0)z-{rj), z\0]q = E n - 0^^"'iO)z{vi) . . . ^S) • . • z{vn) 

j=i i=j+i 

^ Sym^-i,^ - Vn)z^"'{e)z''-\vu • ■ • , ^n-i)) • (A.46) 



n I 



Using this, we can now prove the following form of the Araki coefficients in the case 
where the scattering function is of the form (1A.29P : 

Theorem A. 5. Let S be of the form (IA.29p . The coefficients fmli, where A G 
can be expressed as 

/KL(^, ri) = [z{em) . . . [z{e,) ...[A, z^{v^)]q . . . z^{r^,)]Q . . .]Q^]>. (A.47) 

Proof. First we notice that that if A is in Q°°, also its expansion terms z"^"^ z"" {fm}n) 
are elements of Indeed, using Prop. 13. 9[ we find that the derivatives d'^, with a 
multi-index k, of z''"^z"'{fm,n [A]) fulfil the following equality: 

d^Z^"'z^{fm,n [A]) = Z^"'z^{fm,n [O^A]). (A.48) 

Then, by Prop. 12.111 and 13. 3[ we have that the right hand side of the equation above 
have finite norms when applied to fixed particle number vectors. 
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Therefore, by Thm. 13. 8[ we can express a general A using the Araki expansion; 
hence, it suffices to prove the equation (1A.47P in the case where A = z^"^ (/), since 
for more general A, due to the Araki expansion, it follows by linearity. Now we have 
that for this particular A, or more precisely for its kernel A{6\ri') = z''^ {6')z^ (77'), 
the nested Q-commutator in flA.47p gives by repeated application of Eqs. flA.44p and 



(1X461) : 

[z{e^) . . . [z{e,) . . . [z^^'{0')z-'{rt'), ^t(r^„)]Q . . . z^(^,)]q . . .]q = mini Sym^^i,^, Sym^-. 

m n— 1 

( n ^^^^ - ^^■) n '^(^-^ - Vn'-k>^"''~"'iOL+l, • • • , 0'm'>'''-''iv[, • • • , V'n'^n)) (A.49) 
j=l k=0 

if m' > m, n' > n, and the right hand side vanishes otherwise. Now if m' > m 
or n' > n, the vacuum expectation value of the right hand side of (1A.49P vanishes. 
Therefore, we find: 

{Q, [z{ej . . . [z{e^) . . .[z^"^'{0')z-'{ri'), z\r^^)]Q . . . z\vi)]q • • h^) 

= mlnl6m,m'Sn,n' Sjmg-i^^, Sjmg-i g, (^S^^O - 6')S"-{'n - V)) 

= mlnl6m,m'Sn,n' Sym50(5''"(0 - 6') Sym5^(5"(r7 - rj'). 

(A.50) 

We have used fl2.13p here. This matches the left hand side of flA.47p because of 
Prop. □ 

Hence, we have shown in the case where the scattering function is of the form 
flA.291) that the Araki coefficients can be expressed in terms of a string of nested de- 



formed commutators. Now it would be interesting to generalize similar expressions 
for the Araki coefficients in the case of general 5*. We know that on a formal level 
this is possible. Indeed, one could use the more general deformation procedure given 
in [Lecl2j to construct a suitable "S-commutator" ; or another more direct way would 
be to impose as a definition the relations [z{r]), z"^ {9)]s = 5{6 — rj), etc., between ho- 
mogeneous distributions, and to use the Araki decomposition to define the deformed 
commutator for more general operators; we would then obtain the following formula 
for "S-commutator": 

[A,B]s = AB- 

n n s<»-')(o.-o5)/.L?„,(e')/.Li(e).*'"'."'(e>*'-."(e) 

m'>0,n'>0 



(A.51) 



with 



^(m,m')(^. _ .= J ~ ^i)' i < m A J < m', or z > m A j > m', 

I S{6',j — 9i), ii i < m A j > m', or i > m A j < m. 

But if this definition might make sense on a formal level, its properties in the point of 
view of functional analysis (for example, whether the S'-commutator of two bounded 
operators would be bounded) are still unclear for the moment. 

In particular, notice that the right hand side of (lA.Sip is well-defined only if the 
sum over m, n or the sum over m', n' is finite, namely in the case where either A or B 
has finite sum in the Araki expansion. 
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Appendix B 



Residues and boundary 
distributions in several variables 



In the proof of our Theorem in Chapter 0, see for example Chapter [TJ we study mero- 
morphic functions in several variables and we use their residues. Here, all the poles of 
these meromorphic functions are of first order and they sit on hyperplanes, z ■ a = c 
with a e M^, c G C. Our notation for the residues has the following convention: If 
F{z) = G{z)/{z ■ a — c), where G is analytic in a neighbourhood of the hyperplane, 
then 

res F = G\ . (B.l) 



za- 



One has to be careful with this notation, because of the following fact: For a G R\{0}, 
we have 

res F = a res F, (B.2) 

z-{aa)=ac za=c 

even if z ■ a = c and z ■ (aa) = ac describe the same geometric set. We accept this 
because this notation is simpler, indeed the alternative would be to work with oriented 
manifolds, and with differential forms rather than functions, and the notation would 
become a bit more involved. 

We consider that the residue of a meromorphic function on C'^ is again a meromor- 
phic function on a lower-dimensional complex manifold, and we identify this lower- 
dimensional complex manifold with C*^~^. 

In this section of the appendix, we study the boundary values of meromorphic 
functions, which are distributions, and we try to generalize to the case of several 
variables the following relation which is valid in one variable: If F is a function of 
one complex variable, analytic in a strip around the real axis except for a possible 
first-order pole at z = 0, then we have the following relation between the boundary 
distributions, 

F{x - iO) = F{x + iO) + 27Ti6{x) res F. (B.3) 

2 = 

We present a multi-dimensional generalization of this formula in the following lemma, 
which is mostly due to H. Bostelmann: 

Lemma B.l. Let U dM.^ he a neighbourhood of zero, C G M.'' an open convex cone, 
and a G M'^. Let F be meromorphic on TiU) and {z ■ a)F{z) analytic on T{C fl U). 
Let b^,b ,b^ G C so that ±a ■ > 0, a ■ = 0. Then it holds that 

F{x + iOb-) = F{x + i06+) + 27ri5{x ■ a) res F{x + iOb^). (B.4) 

z-a=0 
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Proof. Note that U and C are both regions in iM'^ C C'^. 

We note that equation (IB.4p is vahd without requiring a particular form for the 
neighbourhood U of zero, since this formula needs to hold in the limit e — )■ 0. Since 
W is a neighbourhood of zero, it contains an open ball around the origin. So, without 
loss of generality, we can assume that W is a ball around the origin. 

After the rescaling of the neighbourhood U, we also need to rescale the vectors 
b^, 6~, with some real positive factor. We need to choose this factor small, so that 
they are still contained in the ball. Then we note that the statement of the lemma 
above does not change, in particular the scalar products of those vectors with a and 
equation f lB.4p are still the same: Since flB.4p holds in the limit e — )■ 0, we can rescale e 



and absorb the rescaling factor (let's say A) in the argument of F, F{x + ieXb~), that 
would appear after the rescaling of U. 

We can also change ("rotate") the system of coordinates and rescale the vector a, 
so that a = e*^^-*. This also implies that we rotate the vectors b^,b ,b^. However 
equation (IB.4P transforms covariantly under this change of coordinates; moreover it 
does not change after the rescaling of a (let's say by a positive factor a): Indeed, 
as remarked in (IB.2p . we have that the residue rescales by a, but the delta function 
rescales by the inverse a~^. 

Note that the equation (lB.4p holds in the sense of distributions. We prove this 
equation when smeared with test functions g G 'D{)C), where /C is a fixed convex 
compact set. We define G{z) := {z ■ a)F{z); by hypothesis, we have that this function 
is analytic on T(C flW), and we have G{z) = YeSz.a=o F{z) if 2; ■ a = 0. 

First we prove the equation (IB.4P using the additional hypothesis that G and its 
gradient, VG, can be extended to a continuous function on the closure /C + i{C nU). 

We compute, 

/ (F{x+tOb-)-F{x+iOb+))g{x)dx = lim [ + ^ - ^^"^ ^ ''^'^^ )g{x)dx, 

(B.5) 

where we used that G(z) := (z ■ a)F(z), z = x ^ ieb"^, a = e^^\ 

Now we use the notation x = {xi,x) and the substitution y = Xi/e, and we can 
rewrite the right hand side of fIB.Sp as 



m = lim [edydx (Gj^V + ^eb^ + ) _ G(e^+ze6^ + zeM^|^ ^^^^ 
e\o J \ ey + ieb^ ty + ieb^ J 

= lim/dyd4(^-^W*) 

/• z6+G(z7) -i6^G(z+) +?/(G(z7) -G(z+)) ^ , , , 
= lim / dydx ^ . 9{ey,x), B.6 

where zf := {ey + iebf, x + ieb"^). 

We consider the numerator in (lB.6p . and we compute: 



tbtGiz;) - ib-,G{zt) +y{G{z:) - G{zt)) 



6+|G(z7)|+6r|G(z+)| 


+ 


\y 




{GM - G{zt))\ 








y + ibf 
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Since g has compact support, we have that \x\ < c with some c > 0, and therefore 
\y\ < cje^ for e < 1. Since G is analytic on T{CnU) and, by the additional assumption 
before flB.51) . is also continuous on the closed domain /C + i(C fl W), we can apply the 
mean value theorem, and we can find a point z in }C + i{C r\U), such that 

\G{z;) - G{zt)\ = 6||b+ - 6- II ||VG(z)||, (B.8) 

where we used that — = 26(6^ — b^). 

By taking the supremum of ||VG'(2;)|| over all z on the domain K, + i{C (lU), we 
find 

\G{z:)-G{zt)\<e\\b+ -b-\\ snp{\\VG{z)\\ : z e}C + i{CnU)}. (B.9) 

Since by the additional assumption, G, VG are continuous functions on the compact 
domain JC + i{C (lU), then they are bounded, which means that the supremum in the 
above equation is finite and |G(z^)| is bounded as well; 

Hence, we obtain a majorant in (lB.7p . which is also integrable. Then we can apply 
the dominated convergence theorem, and we can bring the limit e \ inside the 
integral sign, we find 

J \y + ib-^ y + ib{J 

= I dy{^—-^-A I dxG{Q,x)g{0,x) 
J \y + ib^ y + tbi/J 

We can solve the integral in y applying the Jordan's lemma. Using ±bf > 0, the pole 
y = —ib^ is in the upper half complex plane of y and the pole y = —ib^ is in the lower 
half complex plane of y. Hence, we have 

ibf - ibi o ■ / ibf -ib^ \ o ■ mm 
ay- -— -TT = 2z7r res -— —rr]=27n. (B.ll) 

' iy + tbl)iy + ibt) y=-r,-\{y + ib-,){y + ib-t)) 

Inserting in (IB. 101) . we find 



ibi ~ ^^1 



M)= / / dxG{S),x)g{S),x) = 2m / dxG{Q,x)g{Q,x) 



Therefore, 



(B.12) 



j [f{x + i06") - F{x + iQh+)^g{x)dx = 2Txi J dx (7(0, x)g{Q, x) 

= 27ii j dx j dxi6{xi)G{x)g{x), (B.13) 
which we can rewrite in the sense of distributions as 

F{x + iOb-)-F{x + iOb+) = 2m6{xi)G{x) = 27ri6{x- a)G{x) = 2ni6{x-a) res F{x), 

za=0 

(B.14) 

where in the second equality we used that a = e^^\ and in the third equality that 
G{z) = TeSz.a=o We note that, due to our continuity assumption and equation 
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G{z) = res2;.a=o F{z), the residue is a continuous function for z ■ a = 0, so we can omit 
the factor +iOb^ in the argument of F. 

This proves equation (1B.4|) with our additional continuity hypothesis. 



Now, we consider the general case, without the additional continuity hypothesis. 
Also in this case, we can replace U with a smaller ball W, such that U' C U: Indeed, 
the assertion of Lemma IB. II does not require a specific neighbourhood of zero, since 
equation flB.4p needs to hold in the limit e — )■ 0. 

Since C is open and b^,b~,b^ e C, then C must also contain a small neighbourhood 
of each vector b^,b~,b^. Therefore we can choose a smaller open convex cone C, such 
that b^,b ,b^ G C, and C C C. Note that replacing C with a smaller cone C does not 
change the assertion of Lemma IB. II In particular the scalar products of those vectors 
with a and equation f lB.4|) read still the same. 

By hypothesis we have that G and VG are continuous on )C + i{CnU); since C' C C 
and hi' C U, this implies that they are continuous on /C + i{C' HW'), except possibly at 
Im z = 0, because there is no neighbourhood of zero which is contained in C. Now, to 
keep the notation simpler, we omit the prime indices, and we write that the functions 
G and VG are continuous on K, + i{C nU) except possibly at Imz = (this change of 
notation should not confuse the reader since we can choose the new domains C and W 
without loss of generality). 

By hypothesis F is meromorphic in TiU)^ so G, VG are meromorphic in TiU) as 
well; this implies that they are locally given as a quotient of two analytic functions, 
where the denominator has zeros of finite order; therefore, G, VG possibly diverge at 
Im^; = like an inverse power of Imz. That is, we can find c > 0, £ > such that 

|G(z)| + ||VG(z)|| < c||Im2||-^ for all z G /C + z(CnW), Imz 7^ 0. (B.15) 

Now we denote with 9_l = 6"*" ■ V the partial derivative in the direction of fo"*", and with 
Qi-m) ^Yie mth-order antiderivative of G with respect to that direction. We construct 
this antiderivative by repeated integration along lines connecting different points in the 
domain of G; the convexity of C guarantees that these lines are in the domain of G, 
and so that we can construct such antiderivatives. 

Due to f lB.lSp . we know that by integrating repeatedly with sufficiently large m. 



we can remove the divergences of G, VG, and obtain that both G^~^^ and VG^"™'' are 
continuous on ]C+i{CnU), including the points where Im z = 0. (see for example |RS75t 
Thm. IX. 16] for details on this technique.) 
We compute 

F{x + ieb^)g{x)dx = j '^^^ ^^^^±\ {^) dx, (B.16) 

where we used that G(z) := (z ■ a)F(z), z = x + ieb^, a = e^^^ 

Now we use integration by parts. Consider that, since b^ ■ a = 0, xi and d± refer 
to mutually orthogonal directions, and therefore the derivative d± does not apply to 
the denominator Xi + iebf. Note also that the boundary term is zero because of the 
support properties of g. Hence, we have 



G^ -^'^x + ie b^] 
xi + iehf 



F{x + itb^)g{x)dx = (-1)™ / ^ 7,1 ' d'l^gix) dx. (B.17) 



Now we can apply all the previous analysis to G^ ™\ d'^g in place of G, g, until equation 
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dHUl). This gives: 

j (^F{x + iOb-) - F{x + iOb+)^g{x)dx = {-ir27ri j G^-"'\0,x)d'^g{0,x) dx. 

(B.18) 

We would like now to get rid of the derivatives and antiderivatives of G, g using inte- 
gration by parts once more; but we have an obstruction: Since G diverges at Im z = 
, the function G^~^^ is not m-times differentiable at Imz = 0. 

To solve this problem, we note that since G^"*") is continuous on /C + i{C DU), we 
can write G^~"^\0,x) = lim^^o C^~'"^(0, a; + ieb-^) (where on the left hand side 
is evaluated on the boundary of the cone, in particular at Imz = 0, and on the right 
hand side it is evaluated in the interior of the cone). Inserting this into (IB.lSp . and 
bringing the limit e outside the integral sign (the dominated convergence theorem 
enters here), we find 

J (^F{x + iOb-) - F{x + iOb+)^g{x)dx 

= (-l)'"27rilim [ G^-"'\0,x + ieb^)dTg(0,x)dx. (B.19) 

We notice that G^~"^\0,x + ieb-^) is m-times differentiable in (0,:r) G K, (since we 
added a non-zero imaginary part to the argument of G^""^-*). Now, we can integrate 
by parts, and find 

j (^F{x + i0b-)-F{x + i0b'^)^g{x)dx = 27ii\imj G{0,x + ieb^)g{0,x) dx. (B.20) 
Using that bf = b^ ■ a = 0, we find 
j {F{x + m-)-F{x + m+)^g{x)dx = 2m\imj 5{xi)G{x + ieb^)g{x) dx. (B.21) 



Therefore, 



j (^F{x + iOb') - F{x + iOb^)^g{x)dx = 2ni j 6{x ■ a) res^F^x + iOb^)g{x) dx. 

(B.22) 

This gives the result f lB.4p . □ 

Using the lemma above, we try to write a similar formula in the case of a function 
which has first-order poles at several distinct hyperplanes. 

Proposition B.2. Let U C M.^ be a neighbourhood of zero, C C M.'' an open convex 
cone, and ai,...,ap G M'^' pairwise different. Let F be meromorphic on TiU) and 
(z ■ Oi) • ■ ■ (z ■ ap)F(z) analytic on T{C fl U). For any M C {1, . . . let b^ G C 
such that aj ■ bM = z/j G M, aj ■ bM > if j ^ M. Let c ^ C such that aj ■ c < 
for all j . Then it holds that 

F{x + iOc)= V (2i7r)l*^lf TT 5(a; • a„)) res ... res F{x + iObM) 

Mc{l,...,p} meM ^ 1*^1 

(B.23) 

with the notation M = {mi, . . . ,m|A/|}. 
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Proof. We prove this proposition by using induction on p. For p = 1, (1B.23P reduces 
to 

F{x + i0c) = F{x + i0b(it) + {2i7T)6{x-ai) res F{x + iObsix). (B.24) 

z-ai=0 

This follows directly from Lemma [B.ll with = b^, b = c, b^ = 6|i}. 
Now we assume that (]B.23p holds for p — 1 in place of p. 

Since C is convex, we have by definition of convex domain that the straight line 
from c to ^0 is contained in C. Since the functions aj ■ z fulfils aj ■ c < on the end 
point c of this line and aj ■ ^0 on the other end point 60 of the line, and they are 
continuous between these two points, then they have at least one zero {aj ■ z = 0) 
along the line; we choose the aj which gives the first zero and we rename it ai. If we 
have several zeros which are attained at the same time, then we can perform a small 
deformation of the path within the open set C so that the zeros are isolated along the 
path. We have that the function {z ■ ai)F{z) is analytic within the tube over the cone 
C~ := {x & C : X ■ aj < for j > 2}. (It is analytic because {z-aj)~^, j > 2, is analytic 
on that domain.) We also note that C~ is convex and open since it is the intersection 
of two convex open sets: C~ = C (1 {x ■ a2 < 0} . . . D {x ■ ap < 0}. 

After we have possibly renumbered the vectors aj (see above), we can choose c' G 
such that ai ■ c' > 0, but aj ■ c' < for j > 2. 

We apply Lemma [B.ll with b^ = c', b = c, and we find 

F{x + iOc) = F{x + iOc) + 2'Ki6{x ■ ai) res F{x + iOc") (B.25) 

z-ai=0 

where we choose c" G such that ai ■ c" = 0. We can apply to the term F{x + iOc') 
the induction hypothesis (namely equation (IB.23P with p — 1 in place of p) with respect 
to the cone C'^ := {x & C : x ■ ai > 0}, where (2 ■ 02) ■ ■ • (z ■ ap)F{z) is analytic. This 
gives 



F{x + iQc')= V {2iTT)\^^\( Y\ 6{x-a^)] res ... res F{x + iObM). 

A/C{2,...,p} meM ^ l"l 

(B.26) 

Moreover, we have that the residue of F in (IB.25|) is a meromorphic function on the 



hyperplane z ■ ai = 0, which we can identify with C'^^^; we also have that the function 
is analytic when we multiply it with (2 ■ 02) ■ ■ ■ {z ■ ap). So, we apply the induction 
hypothesis (namely equation flB.23p with p — 1 in place of p) with respect to the cone 
:= {x & C : X ■ ai = 0}, and we have 

res F{x + iOc") 

z-ai=0 

= 7 (2z7r)'*^'( TT 6{x ■ am)) res ... res res F{x + iObMu{i})- 

^ — ^ V /z-a™,, =0 z-am =Oz-ai=0 

Mc{2,...,p} meM ^ l"l 

(B.27) 



Inserting (M2E\f and ^KT7\ into ^K25\f . we find 



F(x + iOc)= V {27riy^^^( Y\ 5{z- am)) res ... res F{x + iOb 

Mc{2,...,p} m€M ^ l^-fl 

+ 2m6{x ■ ai) ^ (27rz)l^^l ( JJ 6{ X ■ a„ 



Mc{2,...,p} meM 

X res ... res res F{x + iObMu{i}), (B.28) 

z-ami=0 z-am,|^^| =0 z-ai=0 
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that we can rewrite as 



F{x + tOc)= Yl (2«)'''''( n 



res 



MC{2,...,p} 
\\M\- 

meMU{l} 



meM 



z-ami=Q z-am,j^j,=0 



res F{x + iOb 



M 



Mc{2,...,p} 



res res 

z-ai=0 z-ami=0 z-a„i|^^,=0 



res _^F{x + iObMu{i})- 
(B.29) 



Fix a subset M' of the set {1, . . . ,p}. Either 1 is in M' or 1 is not in M'. If 1 is in 
M', then we consider the second hne of (lB.29p . Set M' := M U {!}, and relabel the 
summation index M in the second line of ( ]B.29|) as M U {1}, then the second line of 
flB:29|) reads 

Second line of (E29]) 

V (2i7r)l*^'lf TT S{x-am)) res ... res F{x + iObM')- (B.30) 



M'c{l,...,p} 
M' contains 1 



meM' 



If 1 is not in M', then we consider the first line of flB.29p . we have 



First line of (IB.29|) = > ( TT 6{x-am)) res ... res ryx-\-ivuM 

M'c{l,...,p} meM' 
M' not contain 1 



Summing these two terms, we find 
F{x + zOc)= {U 



res ^F{x + iOb]\ 

(B.31) 



X ■ an 



M"C{l,...,p} meM" 



res 



res F{x + iObM"), (B.32) 



which gives the proposed result flB.23|) . 



□ 
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Appendix C 



CR functions on graphs 



Most of the material in this section, until Lemma fC . 2 1 included . is due to H. Bostelmann. 

We call a graph ^ in M^, a collection of points in M'^, that we call the nodes, together 
with a set of straight lines which connect some of these nodes, that we call the edges. 

In our case, the nodes will always be points on the lattice vrZ^, and the edges will 
always be lines between nodes which are next neighbours and parallel to the axis; this 
means that the edges are parametrized by A(s) = 1/ + se^^\ where e^-^^ is a standard 
basis vector of M'^, where < s < tt, and where v and w + vre*^-'^ are nodes of Q. We 
call the tube over Q the set of all <^ = + i\ with G and A on an edge of Q. We 
denote this tube by T{Q). 

We call a CR function F on T{Q) a smooth function on T{G) which is analytic 
along the edges; namely, if we consider an edge A(s) parametrized as above, we have 
that F is analytic in C,j along that edge, and it is smooth in all (real) variables. 

Moreover we require that the boundary values of F and also of all its derivatives 
exist at the nodes, s \ and s tt, and that where several edges meet in a common 
node, the different limits of F along the different edges agree. This means that we can 
speak of the boundary value at a node, without that we indicate the direction of the 
limit. But in the case that several graphs play a role, we will denote by F{u)\g the 
boundary value at node u which is obtained within Q. 

A CR distribution F on T{Q), correspondingly, is an analytic function along the 
edges and a ©(M'^"^)' distribution in the remaining real variablesE] As above, we also 
require that all boundary values at nodes exist in the sense of distributions, and that 
they agree where several edges meet in a common node. 

Now we will obtain some general properties of CR functions on T{Q)\ these prop- 
erties are mainly extensions of standard results to our framework. 

First, we note that we can make CR distributions "regular" by convoluting them 
with test functions. Indeed, let F be a CR distribution on and let (7 = . . . , gk) G 
V{^f, we define 



We can show that F * g is a, CR function on T{Q). For this, we need to show that 
F * g is a, smooth function in all (real) variables Re and therefore that the following 
derivative exists for any j = 1, . . . , /c: 



^See [GS64I Ch. I, Appendix 2, §3] regarding a discussion of distributions which depends analytically on a 
parameter. 




(C.l) 




(C.2) 
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By renaming of the variables, we can shift Re ^ into the argument of {C = + iA). 

d{F*g){C) 



(C.3) 



Since a distribution is a continuous functional in the test functions gj in the D(R) 
topology, we can move the derivative to the test function g, and note that the functions 
g are differentiable. 



d{F*gm 



de, 



I F{^' + tX)g,{e,-Q...^^g,{e,-Q...g,{e,-Qd'^'. (C.4) 



To prove that F * is a CR function on T{G), we also need to show that F * g is an 
analytic function on the edges of the graph Q, but this follows directly from the fact 
that F is analytic along those edges. 

Moreover, we have that CR distributions fulfils a version of the tube theorem (see 
|Boc38] . |BM48] ). namely they can be extended to the convex hull of the graph. In 
order to formulate this theorem, we introduce further notation: we denote with Q cM.^ 
the closure of the edges of Q, namely it is the edges together with the nodes, as a subset 
of M.^. We call cch^ the closed convex hull of Q, we denote with ich^ the interior of 
the convex hull, and following a notation used in |Kaz79j . we define the almost convex 
hull ach^ := (ich^) UQ. 

Lemma C.l. Let Q be a connected graph and F a CR distribution on T{Q). Then, F 
extends to an analytic function on iohQ with distributional boundary values on ach^. 

Proof. To prove this lemma, we use results that you can find in |Kaz79j . In his frame- 
work, ^ is a connected, locally closed, locally starlike set. We have that the convolution 
F*g is a. CR function on T{Q), for any g G V{M.)^ (we have shown this after Eq. fIC.ip ). 

Even more, since F * g is an analytic function along the edges on T{Q), and it is 
continuous on the nodes, then by Morera's theorem, we have that at nodes where two 
edges along the same axis meet, F * g analytically continues in the respective variable 
across the node. 

Hence, we have that at any node the function F * g is a smooth function; but due 
to the several directions where the edges can meet in a common node, the derivatives 
possibly exist only as single-sided derivatives. This F*g is defined on lines in at most k 
independent directions, and therefore we have at most k independent first order partial 
derivatives. This makes possible to explicitly construct a smooth extension of this 
function on a neighbourhood of the node. A possible way is the following: Suppose that 
/i(xi) and f2{x2) are two smooth functions on the two real axis of M^, and is the node 
; assume, without loss of generality, that /i(0) = /2(0) = 1. Then we can construct a 
smooth extension on the neighbourhood of zero by setting f{xi^X2) := /i(a^i) ■ /2(a^2)- 
Since we can construct a smooth extension of F * (7 on an open set of the graph, 
containing the node, then F * g is a smooth function in the sense of Whitney (this can 
be seen from the definition of smooth function in the sense of Whitney in the remark 
after Def. 1.3 in |Kaz79] l 

Now since F * g is smooth in the sense of Whitney on T{Q) and it is a CR function 
on each open line segment in then by jKaz79l Def. 2.12], F * 5? is a CR' function on 
UG). 

Using that F * is a CR' function on T{Q) (which is the same as CR function, see 
|Kaz79t Proposition 2.13]), then we can apply [Kaz79t Theorem 6.1], which shows that 
there is a bijection between CR functions on T(ach^) and CR functions on T{Q)] this 
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gives an extension G of F*g to T(ach^), and again by |Kaz79t Theorem 6.1], we have 
that this extension is analytic in T(ich^). 

It remains only to show that we can write G = F * g, where F is some function 
analytic in T(ich^). To show this we will follow an argument that can be found in 
more details and in a similar situation for example in |Eps60 p. 530], and that here 
we will sketch only briefly. 

We know that G depends on g; due to the remark in |Kaz79l Sec. 12] (see page 170 
bottom), we have also that at each fixed A G ich(^), the map g i— ?■ G{iX) is continuous 
in g in the P-topology. 

If now we smear G in A within ich(^) with another test function, we obtain a 
distribution in 2k variables which, due to the analyticity of G, fulfils the Cauchy- 
Riemann equations in the sense of distributions (cf. |Eps60 p. 530]). 



Now, we can apply |Sch59t p. 72], which shows that a distribution which fulfils 
the Cauchy-Riemann equations in a weak sense, it also fulfils the Cauchy-Riemann 
equations in the strong sense, namely it is an analytic function smeared with test 
functions. This gives the desired function F. □ 

If we assume that F is a CR function on T{Q), then the maximum modulus principle 
holds also for CR functions on T{G) due to [Kaz79[ Sec. 11, Corollary]: 

sup |F(OI= sup |F(C)|. (C.5) 

cer(achg) cer(g) 

Now suppose also that the function F fulfils on each edge bounds of this type: 

log \F{e + + iXe^^^)\ = oicoshOj) (C.6) 

for large \6j\, uniformly in A, and with 6m {m ^ j) fixed. 

Then we can apply the Phragmen-Lindelof argument given in |HR46l Theorem 3], 
which states that the function attains the maximum modulus on the boundary of the 
edge, and therefore on one of the nodes which are connected by the edge. Hence, we 
can rewrite flC.5p as 

sup |F(C)|= sup |F(0|. (C.7) 

Cer(achg) C6r(nodes(g)) 

Now we want to obtain a similar maximum modulus principle as above for the norm 
II ■ II X, which was defined in Eq. fl2.58p . This is done in the following lemma. 

Lemma C.2. If F is a CR distribution on T{G), then 

sup ||F(- + a)||x =sup||F(- + a)||x. (C.8) 

If further F * g fulfils hounds of the form (]C.6|) for each fixed g G P(M)'^, then 

sup ||F(- + ^A)||x = sup ||F(- + a)||x. (C.9) 

AeachCJ Aenodes(5) 

Proof. We consider g = {gi, . . . ,gk) with 115^^112 < 1, we consider F * g{(^) as defined 
in fIC.ip . We have shown in the proof of Lemma [C.ll that this function is analytic on 
T(ich^) and it is a CR function on T{Q). We can also show that 

||F(- + a)||x =sup|F*^(a)| = snp \F*g{0 + iX)\. (C.IO) 

9 9,0 
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The first equality can be proved by using the definitions (IC.ip and fl2.58p . and by 
performing a renaming of the variables {0 := — ^): 

sup|F*^(iA)| = sup / F{iX-^)gi{^i)...gk{^k)d^^ 

9 9 J 

= sup [ F{9 + iX)gi{-ei)...gk{-ek)d''9 . (C.ll) 

9 J 



Calling g'.{e) := gji-O), we find 

sup \F * g{iX)\ = sup / F{e + iX)g\{ 

9 9' J 



\F{- + iX) 



(C.12) 



Similarly, we can prove the second equality in (IC.lOp using a renaming of variables 
{6' := e - $.): 



sup \F * g{0 + iX) 

9,0 



Calling <7;(^;.):=^7, 



sup 

9,0 



I F{e + tX-^)g,{^,)...gk{^k)d'^ 

j F{6' + iX)g,{e, - e[) . . . g.iOk - 9'^) d'O' 



sup 

9,0 



6'j), we have 



(C.13) 



sup|F*^(0 + a)| = sup [ F{e' + iX)g[{d'^)...gk{d',,)d^e' 

9,0 9',0 J 

J F{e' + zX)g[{e[)...gMd''e'\ = ||F(- + zA)||x, (C.14) 



sup 

g' 



where in the first equality we have used that the supremum over g equals the supremum 
over g', and in the second equality we used that, after taking the supremum over all g', 
the integral expression does not depend on 6 any more, so we can drop the supremum 
over d. 



Applying the maximum modulus principle fIC.Sp to F * g and using the relation 
fIC.lOl) . we can find fIC.SP : Indeed, we have 



sup \{F*g){C)\= sup \{F*g){C)l 
Cer(ach g) CeT{g) 

that we can rewrite as: 

sup sup |(F*^)(C)| = supsup|(F*^)(C)|. 

Aeache Xi=g 

Taking the supremum over g of both sides of the equation, we find 

sup sup sup |(F * (7)(^)| = sup sup sup |(F * (7)(^)|. 

g Aeachg g AgG 



(C.15) 



(C.16) 



(C.17) 



Using (IC.lOp . we find from the equation above our result (IC.Sp . 

Moreover, if F * g fulfils bounds of the form (lC.6p . then we can apply (1C.7P to 
F * g; then using the relation (IC.lOp . we find (lC.9p . The details of this argument are 
as follows: By (lC.7p . we have 



sup |(F*^7)(0|= sup \{F*g){C)l 

Cer(achg) C6T(nodes(g)) 



(C.18) 
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Figure C.l: The computation of the pointwise bound (jC.2ip 



that we can rewrite as 

sup sup \{F * g){C)\ = snp sup \{F * g){C)\. (C.19) 

e Aeachg e Aenodcs(g) 

Taking the supremum over g of both sides of the equation, we have 

sup sup sup |(F * (7)(<^)| = sup sup sup \{F * g){(^)\. (C.20) 

g e Aeachg g Aenodes(g) 

Using fIC.lOp . we find from the equation above our result fIC.Qp . □ 



Now we prove a result regarding pointwise bounds on analytic functions, which are 
estimated using the supremum of the norm || ■ ||x of these functions. These bounds do 
not hold only for CR functions on graphs, but they are valid for any analytic functions 
defined on tube domains, namely are useful in conjunction with Lemma IC.2I The 
following proposition can be proved by using the mean value property; one can find a 
similar application of this technique for the computation of certain uniform bounds for 
example in |Lec08[ Prop. 4.4]. 

Proposition C.3. Let I G M.^ be open and F analytic on T(X). Then, for all ^ G 

r(i), 



Proof. We fix ^ G T(X), we consider Dt G C to be the disc around the origin with 
radius t := dist(Im ^, 9X), cf. Fig. IC.ll Then, for this value of the radius, we 

have that the polydisc {Dt x ■ ■ ■ x Dt) + C is contained in T{T). We can apply the 



163 



APPENDIX C. CR FUNCTIONS ON GRAPHS 



(C.22) 



mean value property for analytic functions and we get 

F(C) = (Trt^)-'^ [ dOidXi ... f dOkdXk F{C + + tX) 

JDt JDt 

= (7rt2)-M d'^x d^eF{c + e + iX) 

J[-t,t]xl' J-(t2-A2)l/2 

d'x d'o F{c + e + tX)xx{0) 

= int')-' [ d'X{F*xx)iC + ^>^), 

J[-t,t]x'' 

where Xa(^) = Y['j=iXji^j)i ^^(^ where we denote with Xj the characteristic function 
of the interval [— (t^— A^)^/^, A^)"*^/^]. Since we have by construction that C + ^X E 

T(X), we can estimate 

\{F * Xa)(C + ^A)| = 1 1 F(C + zA - . . . Xki^k) d'^ 

= J FiO-^ + tX + tX")xi{^i)...Xk{^k)d'^ 

= J Fie' + tx')xi{9i - e[) . . . XkiOk - e',) d'o'\, (c.23) 

where in the first equality we used (IC.ip . where in the second equality we denoted 
C = + iX" and where in the third equality we called A' := A + A", 6' := — ^. 
Now we apply the definition of the norm || ■ ||x given by Eq. (12.581) . we find 

J F{e' + i>!)xi{0i - 0[) ■ ■ ■ xkiek - e',) d>'e'\ 

k 

<\\F{- +^X')\\^■l[\\xM- ■)h 



<sup||F(- +^A')||x-nil^.-||2' (C-24) 

7=1 



where in the first inequality the estimate holds for some fixed A' depending on A. (Note 
that the relation above can be continued to functions gj by continuity.) 

Taking into account \\Xj\\2 < V^, "we find from flC.221) and from the equation above, 



\F{C)\ < {'Kt')-\2t)\2tf'^ sup||F(- 



A'ex 



Inserting the definition of t in this equation, we find flC.21|) 



(C.25) 
□ 
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